Phys420

Solution to HW5
C6: 2, 4, 9, 14, 15, 17, 23, 24, 28, 29, 30, 32 
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The time development of ¥ is given by Equation 6.8 or

Y(x, t)= Ja(k)ei{kx~w(k)r)dk - (‘C‘Q]I_:e{ikx~ia)(k)l_a2k2}dk ,
T

7
. hk? . . .
with a(k) = S for a free particle of mass m. As in Example 6.3, the integral may be reduced
m
h
to a recognizable form by completing the square in the exponent. Since w(k)t = (Z—t]kz ,we
m
group this term together with a®k? by introducing 42 = o +121t_ to get
m
ix )2 x?
ikx — k)t - a*k? = —( k———) -—
P728) “ap
Then, changing variables to z = Sk — L gives ¥(x, t) —( Ca ]e'xz/wz I~ e = (gﬁ]e""z/wz
7 Zﬂ ’ ﬂ\/']; oo ﬂ .

To interpret this result, we must recognize that #is complex and separate real and

2 dht]2 o (P )
a’+ =a +| — | and the exponent for ¥ is
2m 2m

imaginary parts. Thus, |ﬂ2|2 =

2,2 _ ikt
;BZZ . (:‘[ 2'22"’) = 2 2] +(imaginary terms)

then

Ca____ f-+ldasryamar')}

(a4+(_2'%)2)1/4 ¢

We see that apart from a phase factor, ¥(x, t) is still a gaussian but with amplitude

ht
2mo

[W(x, t)|=

a

G +(21;;)2)“

2 1/2
diminished by and a width Ax(t) = (az +( ) ] wherea = A x(0) is the

initial width.
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This is the gamma ray region of the electromagnetic spectrum.

AE=(3) 5 =6.14 MeV




[image: image4.png]K =[c2p2 +(mc2)2]1/2 —(mc*)=E-mc?
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E, =[(£2’2_C)2 +(mc2)2] ,
e

) Taking L=10""? m, m=9.11x10" kg, and n =1 we find K, = 4.69 x10~1 ].The
g g 1
nonrelativistic result is

% (6.63%10° J-5)"

B = gml® " 811X 10 kg)(107% m?)

=603x1071J

Comparing this with K;, we see that this value is too big by 29%.
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Since the lithium spacing is 4, where Na® = V and the density is NTm where m is the

mass of one atom, we get

13 13
a:(—vﬂ) =( & ) :[1.56><10’27 kg x
Nm density

=0.28 nm

7 1/3
————| m=28x10"m
530 kg/m

(2.8 times larger than 2d)
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35A

P = 2dx=—2—35
® ! 1.SIAM Aé[ ( )

l[x 10 zrx)]”
502 4r 5 1.5

In the above result we used j‘sin2 axdx = %—%sin(Zax). Therefore,
a

3.5
b e )
10 V3 5 1.5 10
= i[z.o+—5-(sin 0.37—sin 0.77:)] =1 12.00+0.0)=0.200
wl“" % 10

135, ﬂx) 1[x 5 ] 1 [ 5 ]3-5
P == [sin?[ 22 ax =2 £- Zsin(0.47x) | =—|x-—sin(0.47
() A 51J.‘ssm ( 5 5[2 o sin( x) =10 X sin( x) .

= ‘115{2-0 +(0.798){sin{0.47(1.5)] - sin[0.47(3.5)]}} = 0.351

212

(d)  UsingE= ;’ ’£ > we find E; =0.377 eV and E, =151 eV.
m.
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wavenumber k = S :

w(x)=Asinkx+Bcoskx 0<x<L.



[image: image8.png]The infinite wall at x=0 requires ¥(0)=B=0. Beyond x=L, U(x)=U and the Schrodinger
2
equation %,CTV = (i—';’){u - E}y(x), which has exponential solutions for E <U

w(x)=Ce %* + De***, x>L
2m(U -E)
Py

continuity of i and ‘;—W demands
x

12
where a=[ ] . To keep y bounded at x =~ we must take D=0. At x=L,

AsinkL =Ce™°"
kA coskL = —aCe L

Dividing one by the other gives an equation for the allowed particle energies: kcotkL=-a,

The dependence on E (or k) is made more explicit by noting that k2 + a? = 2mu which

'

1/2
)—kz] . Multiplying by L, I

2mUL?
h 2

2mU
72

allows the energy condition to be written k cotkL = —[(

squaring the result, and using cot? #+1=csc? 6 gives (kL)? csc®(kL) = from which we

23\V2
s:ill; 7 = (Z";:ZJL J . Since ;:;—0 is never smaller than unity for any value of 6, there

2mUL?
hz

obtain

can be no bound state energies if <1.
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[image: image10.png]A particle within the well is subject to no forces and, hence, moves with uniform speed,

spending equal time in all parts of the well. Thus, for such a particle the probability density is
uniform. That is, P,(x) = constant. The constant is fixed by requiring the integrated probability
1

T To find (x) we weight the possible particle

L
to be unity, thatis, 1=[P.(x)dx=CL or C =
0

L

L 2
positions according to the probability density P, to get (x) = [*P.(x)dx = %—(%)
0

L
o 2
Similarly, (xz) is found by weighting the possible values of x? with P.:

L 1( 3 L 12
(x2)=£x2Pc(x)dx=E(?)'o =?.

The classical and quantum results for (x) agree exactly; for <x2> the quantum prediction is
2
smaller by an amount 2 which, however, goes to zero in the limit of large quantum
nx

numbers 1, where classical and quantum results must coincide (correspondence principle).
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2
The integrals are elementary and give 1=C z{%_ 2(%) +%} 52 The proper units

for C are those of (length) ™ thus, normalization requires C = (12)¥% nm ™2

(b) The most likely place for the electron is where the probability jy{* is largest. This is
also where y itself is largest, and is found by setting the derivative ‘;—W equal zero:
x

= %—xw— =C{-e* +2¢2} =Ce*{2e7" - 1}.

The RHS vanishes when x =< (a minimum), and when 2¢™* =1, or x=In2 nm.
Thus, the most likely position is at X, = In2 nm=0.693 nm.

© The average position is calculated from

(x)= fxwdx =c2]°xe-2*(1—e-*)2dx =C2Tx(e'2x ~2€7% ™ )dx.

oo 0 0

The integrals are readily evaluated with the help of the formula _[xe'“"dx = iz to get
a

(x)=C2{l—2(l)+—llz}—C {11:4} Substituting C* =12 nm" ! gives

(x)—%—g— nm=1.083 nm.

We see that (x) is somewhat greater than the most probable position, since the

probability density is skewed in such a way that values of x larger than X, are

weighted more heavily in the calculation of the average.

@30/ The possible particle positions within the box are weighted accordmg to the probability

density |y}* —Esm2 27X ) The position is calculated as (x) = x| dx— xsm DX Vi
Y=g\ T ) Thep T

Making the change of variable 0=—— (sothat d6= —’El—ii) gives {x) = — j'esin n8d@. Using
0

n
the trigonometric identity 2sin® §=1-cos 28, we get (x) L 0d0— Ocos2n8d6;. An
g ty g P>
0 0
2

integration by parts shows that the second integral vanishes, while the first integrates to %

Thus, (x)= —Izi, independent of n. For the computation of (xz), there is an extra factor of x in

2 (x n
the integrand. After changing variables to 6= % we get (x*) = L—3{j' 6*d6- [ 6* cos2n6d 0}.
LAV 0

3
The first integral evaluates to %’ the second may be integrated by parts twice to get
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632 / The probability density for this case is |y/q x)*=Cge™ withCy = P and a= 5 For the

calculation of the average position (x) = leylo(x)lzdx we note that the integrand is an odd

function, so that the integral over the negatlve half-axis x <0 exactly cancels that over the
positive half-axis (x > 0), leaving (x) = 0. For the calculation of < ) however, the integrand

x2|wo|? is symmetric, and the two half-axes contribute equally, giving

(- D3

12
Substituting for C, and a gives (xz) = %: Zr:w and Ax =(<x2> _(x)z)l/z =(2r:a)) :
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2
After rearrangement, the Schrodinger equation is %’. = (%){ U(x) - E}y(x) with
x

U(x)= %mn}zx2 for the quantum oscillator. Differentiating y(x) = Cxe™®*" gives

L o 2axytorcoer
and
v _ 2axdy —ax? 2
ey —2ay(x)-(2ax)Ce =2ax) p(x)-6ay(x).
x
ma)* 2 2mE
Therefore, for y/(x) to be a solution requires (2ax) —6a—~(u(x) -E}= ( h ) x i

Equating coefficients of like terms gives 2a = T and 6a= ZT Thus, a= H and

3
@ AE %ha). The normalization integral is 1= I|y/(x)f2dx = ZCZIxze’Z‘“ldx where the

second step follows from the symmetry of the integrand about x = 0. Identifying a with 2ain
12 V4
the integral of Problem 6-32 gives 1 = zcl(i)(l) orC= ( 2a® ] :
8al2a. F3







