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Problem (1.)

(a.) The formal expressions for the center of mass can be found in the textbook.
However, as in the presentation discussing the practice examination, we can

use symmetry arguments to deduce the location is given by

Fowr = 3| a® + by + cZ |

(b.) Find the explicit form of the moment of inertia tensor, Z; ;.

M . ) . <y2 + 22) — Ty — Tz
L-j:m/odz/ody/o dx -y (xQ—l—zQ) — Yz
—2x —ZY (3:2 + y2)
$[0* + 2 —iab }iac
= M —%ab 3la® + 2] — qbe
— qac —ibc 5 [a® + 0]

(c.) The other coordinate system is simply the one where the half the object is
above the new z-y plane and half below. A direct calculation yields

1
sl + gl — g
Zij= M —%ab %[az—i-icﬂ 0
0 0 5 la® + b?]
which is of the form,

mi o Mig 0

Iij = M{a2—|—b2+02} mio sy 0

0 0 m3s

where the m’s can be seen by simple comparison. This is block diagonal and

one principal axis is given by



and the other two principal axes are found from solving the eigenvalue pro-
blem for

M:M{a2+b2+62}lm11 m12]
mi2 ma2

as a simple 2 x 2 matrix problem. If (wy, wsy) is an eigenvector, then
mir M2 w1 — 3 w1
miz M2 Wa W2

This leads to the requirement that

()\)2 - (mll + m22)5\ + (mnmgg — <m12)2> =0

which implies

Ay = %[(mn + may ) £ \/(mn + maz)? — 4(mima — (mi2)?) }

Two solutions of this are given by

Wi+ = — M2
Wot = % [(mn — Mg ) F \/ (mu + mo2)? — 4(miima — (Mm12)?) }
thenyield
— M2
ey = % {(mn — Mag) — \/(mn + mg2)? — 4 (mamas — (mm)z)}
0
and
— M2
e = % [(mu — Mag) + \/(mn +ma2)? — 4 (mumes — (mu)Q)}
0

Problem (2.)

(a.) The equation of motion for the electron launched vertically upward takes

the form
Uy C 2
7 _ 7<vy)
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and we divide by (v, )? and find

Vi

after performing an integration. A second integral can be performed to find

y(t) = (M1 + 2ot

(b.) If we assume the electron is effectively at rest when it reaches a velocity
that is 1073 of its initial velocity, then we must have |1 + % = 10?
for the time 7" when this occurs. At this time, the y-position of the elec-
tron is given by

y(T) = 3 (%) In 10

Problem (3.)

(a.) First we can find the direction of the piece of ball just prior to the collision.
Since there are no forces acting on the ball from the time it is thrown until
the collision with the globe, it travels in a straight line with a constant speed.
The displacement vector is thus %R[f + 9y + z] — aRZ and the unit vector
describing this direction is

o 0= V3a)2+7+7]
V2 + (1 - V3a)

and the total momentum ]3T before the collision must be

By — mvD — mV [(1 —V3a)Z+7+7]
V2 + (1 —3Ba)y

The momentum of the ball after the collision is given by

. _— [ mV (y+ 2) ]
(I—a) + 2

s
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The momentum of the globe pg must be given by

i [mV[(l—\/ga)sE+gj+2]}_
V2 + (1 - V3a)

{ mV(y+ 2) }
(1—a)?+2

{mV[(l—\/ga):%+gj+2]} B
V2 + (1 - V3a)

{ mV (y + 2) }
(1—a)?+2

= AT + Bo(y + 2)

(b.) The angular momentum at the instant before the collision

=

Lp= 7y x Bp = — 3amVR[Z+7+2Z] xZ

V(2 + (1 — vVBa)]
_ { —+vV3amV R
V3[2 + (1 — vVBa)]

The angular momentum of the ball after the collision is

(5 -2) = Co(5 - 2)

—

Lb: ch ﬁb = mVR[

T X (y+2) ]
V31— a)? + 2]

(5 -2) = Do(5 - %)

V311 —a)? + 2]

Conservation of angular momentum implies the angular momentum of the
sphere L is given by

Lo =Ly — L, = v2[Cy — Do] 55 (§ — %)

and using the moment of inertia of the globe

- 2 2
Le = gMRQJJ = §MR2w@

These different expressions are set equal one to the other to find
o= % (7 — 2) and



Problem (4.)

The earth is actually slowing down in its spinning about its axis. Let us model
this by writing

G = Q1 - (%)t][sin)\f — cosAO] |
0

where Q= 7.5 x 107°s~! and 7, 0 and gg are the standard unit vectors of
a spherical coordinate system.

(a.) As was noted in class one day, the actual form of Newton’s Second law for
a rotating frame is given by
mi = F + 2m7 x O + mfxﬁ+m<ﬁxf)xﬁ
The second term is velocity-dependent and is the “Coriolis Term” which
is to be ignored in our analysis following the text and F' corresponds to

force of gravity on the surface of the Earth F=—-m go 7. Since H <<
Rg, ¥ ~ Rg 7 which implies

mr= —mgyt — mQO(%)REf X [ sinA? — cosA0 |
0
+om ()21 - (?)t]Q ([sinA# — coshf] x 7) x
0
[sinA? — cos\ 6]
Qg

= —mgyT + mQO(Q—)REcos/\QAﬁ
0

+ m(Q)?*[1 — (%)t]zREcos)\[cos)\f“ + sin\6)]
0
— 2 Q04,12 2y | 5
= - m[go —(Q)°[1 — (—)t]"Rgcos )\}r
Do
+ m(Q)?[1 — (%)tPREcos)\sinAé
0

(07 n —
+ mQy (Q—O)RECOS)\qb = MGeyy
0

This implies upon using the local z-y-z coordinates
Gers = Sdo (%) Rpcoshi — ()*Rp[1 — (%)t ]2 cosA sin\ g
0 0

- [90 — (Q)’Rp[1 - (j;))t }26032)\} 2



d? x

Q
= Qo (¢—0) Rpg cosA
d2y (67}
=5 = - (Q)* RgcosAsin\[1 — (%)t ]2
d2Z: — [ — (Q)*Rpcos®A[1 — (@)t]ﬂ
A2 9o 0 E 3o

This gives the following equations for the position of the object.
x(t) = % Qo (@) Rp cosAt?
Po

i) = - TECSR (B0 (g (S e

Zz)t—l}

2(t)= H — %got2

R cos*\ 0005 Qo .\, 14
1 - (20
s HER @I [1 - ()

O~ 1)

P0
Thus an object that starts at position (0,0, H) lands at

+ 4

+ 4

7o~ Q RE[(%)COSA{% — (Q) cosA sin\y] [E}
@0 9o

where we have approximated the time it takes to land by /2 H /gy and ne-
glected terms of order (/).

Problem (5.)

(a.) Along the equator z = 0 the force F' given by

P {fg[x?’ff — z2245 — 21:y22]}

(R)?
is much more simply expressed by
F = }];éx:if

and the path is described by (with 0 < ¢ < )
Z(¢) = R[cosgb:’i + singbﬁ} — = = Rcos¢p , y = Rsing
dl = Rdg| — sing + cos¢ |
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This all implies that
/ﬂﬁ-dZ: — ]”2]%/7r de cos® ¢ sing do
0 0

1
= _fQR/ duvu® du = 0.
-1

(b.) The shortest path on a sphere is a circle. We need a circle that in-
cludes the points described by the vectors

£ = Ri , & = %R[f+§+2] . &3 = — R% .

We start by finding the normal to the plane that contains these three
vectors. This is found by calculating the cross product between 5 1 and
52 then writing the unit vector N that points along the direction of the
cross product. This vector is given by

1 ~ ~
N = 5l=7 + 2]
If we cross this vector with Z, we must get a vector

o~ 1/\ R
M:ﬁ[erz}

that must also lie in the plane along with 5 1 and 52 It must be the
case that the path for which we are looking takes the form,

() = R{coszﬁf - simﬂ]\/f} —
R[C()Swf + %smwg + %smwﬁ} —
dl = Rdw[— sinY T + %coswg + %coswi}

r= Rcosy , y = %Rsz’nw , Z = %Rsinw

—

Notice that for the path described by £(¢)

cos¢:\/1§ esin@bzmﬁsmd):\/g

so that when ¢ = tan~'v/2 we find
((tan™'V/?2) = \/gR[x + y + z}
aind this is the point thru this path must pass. Along this path the force,
F'is given by
A 3,0 1 C 2~ L2 o
F = fy[cos’yz 5 COSY sin“Yy — cosy sin Yz
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This all implies that

/ﬂﬁ-dfz
0

foR /07T dy [cos3w sy + %ﬂcoszw sz‘nzw]
— %\/ﬁng /07r drp {60521/1 sz’anﬂ

— Sf’/ifQR/OW dv [ sin(2)]

- 163\/5]023/0” a1 — cos(ay)] = -




