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Omega =
NDSolve[{wl'[t] = -2w2[t] w3[t], w2"'[t] =1.5w3[t] wl[t], w3'[t] == -0.25wl[t] w2[t],
wl[0] == 0.2, w2[0] = 0, w3[0] =1}, {wl, w2, w3}, {t, 0, 10}]

{{wl > InterpolatingFunction[{{0., 10.}}, <>],
w2 -» InterpolatingFunction([{{0., 10.}}, <>],
w3 - InterpolatingFunction[{{0., 10.}}, <>]}}
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wal[t] =0.2 Cos[\/?t]

0.2Cos[v3 t]
wa2[t] = bk sin[4/3 t]
V3

0.173205Sin[V/3 t]

wa3d[t] =1

1

Plot[Evaluate[{wl([t] /. Omega, wal[t]}], {t, 0, 10}]
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Inf[11]:= (% la. %)

(* one-parameter variational solution =)

In[167]:= x1[t_] :t=vOt+atr3;
fx1l] = -mwr2xl[t];

Pi/w
L= Sinplify[j (%1 [t] - £[x1] /m) ~2dt]
0

i 2 2 2 2. 4
out[169]= = (3a (420+847r2+57r“)1+04;2w§(10+7f)V0w +35v0?% wt)

In[21]:= ansl = Solve[d, L=0, a][[1, 1]]

~ 7410 + 1) w0 w?
Outl21= 8= " 750+ 842 + 5

(» 1b. %)

(* two-parameter variational solution =)

x2[t_] :=vOt+at*3+bt*5;
f[x2] = -mw*2=x2[t];

Pi/w
L= simpufy[f (%2 [t] - £[x2] /m) ~2dt]|
0
1

3465w’

Out[174]=
(7 (3150% 7® + 770 b7 (20b+aw?) +1386 7° w? (20b+aw?) (6a+v0w?) +1155w! (6a+v0Ow?) +

495 7* (400b* +52abw’ +a’w'+2bvow')))

In[25]:= ans2 = Solve[{d, L =0, Oy L =0}, {a, b}][[1, {1, 2}]]

’

. {a ., _ 18 (554400 w? + 6160 712 vO w? + 290 n* vOw? + 7 7% vO w?)
5987520 + 665280 712 + 43200 714 + 1512 76 + 35 78
b 99 (504 vO0 + 28 n? v0 + ni* v0) wt }
5987520 + 665280 72 + 43200 74 + 1512 76 + 35 78
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(* 2 %)

7 (10 + n?) vO w?

In[170]:= x1[t] /. a- -
[ { 420 + 84 72 + 5 ¢

} 7. {w-1, voo 1)

7 {10+ n?%) &
420 + 84 ;12 + 5 ¢

out[170]= t -

18 (55440 vOw? + 6160 7% vO w? + 290 7* vO w? + 7 n® vO w?)

5987520 + 665280 72 + 43200 7 + 1512 76 + 35 x®
99 (504 vO0 + 28 2 v0 + n* v0) wt

-
5987520 + 665280 72 + 43200 7¢ + 1512 76 + 35 n®

In[177]:= x2[t] /. {a--

} 7o {wo1, vos1}

18 (55440 + 6160 12 + 290 14 + 7 n®) t3
5987520 + 665280 712 + 43200 714 + 1512 76 + 35 78
99 (504 +28 7% + i*) t°
5987520 + 665280 712 + 43200 718 + 1512 76 + 35 78

out[177]= t -

+

7 (10 #+3) &3 18 (55440 + 6160 7% + 290 n* + 7 n®) 3

s {1t - +
420 + 84 72 +57r‘} { 5987520 + 665280 72 + 43200 x4 + 1512 76 + 35 78
99 (504 + 28 n% + n%) t5

5987520 + 665280 712 + 43200 x* + 1512 75 + 35 x8 }'
sin[t]},
{t, 0, Pi}, PlotStyle »
{{pashing[{0.01, 0.01, 0.01, 0.01}]}, {Dashing[{0.01, 0.05, 0.05, 0.05}]}, {}}]

In[178%%:= Plot[{{t—

1.3
1 S e s 5,
P N
0.8 s
0.6 / N\
0.4 \
0-2 \
- Ny
0.5 1 1.5 2 2.5 3

Legend: Dottedline: one - parameter solution
Dot - Dashed line : two - parameter solution
Solid line : Exact solution

It is seen that the two -

parameter variational solution fits more closely to the exact solution, as expected.
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In[179]:= (% 3 %)

2 : 4 6 3
plot[{{t_t_+ t }. fe- 18 (55440 + 6160 72 + 290 7* + 7 n%) t

+
6 120 5987520 + 665280 72 + 43200 7r¢ + 1512 n® + 35 n®
99 (504 + 28 n? + n%) t3

5987520 + 665280 72 + 43200 ¢ + 1512 76 + 35 n8 }
sin[t]},

{t, 0, Pi}, PlotStyle »
{{pashing[{0.01, 0.01, 0.01, 0.01}]}, {Dashing[{0.01, 0.05, 0.05, 0.05}]}, (}}]

0.5 al 1.5 2 2.5 3

Legend: Dottedline: Taylor series solution
Dot -~ Dashed line : two - parameter solution
Solid line : Exact solution
Inthis case, the two - parameter solutionworks better than the Taylor series
solution. It is because Taylor series is a small argument expansion and as such
works good for small argument only. Thus it works better at small t. As canbe seen,

as t becomes larger, it deviates more fromthe exact solution. On the other hand,

the variational solutionworks better over range, as it is designed to do so.
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(» 4 %)
(* one-parameter variational solution *)

In[216]:= x1[t_] :=vO0t+at*3;
£f(x1] = -mwr2xl(t];

i/(2w)
L= simplify[r (%11 [t] - £[x1] /m) 2 dt]
0

bl (15 a’nt+168an? (6a+vOw?) +560 (6a+v0w2)2)

PUELSERS= 13440 w3

In[219]:= ansl = Simplify[Solve[d, L==0, a][[1, 1]]]

28 (40 + 71?) vO w?

OUE[ZIZ]= 2= - G0+ 336 @ + 5

(» two-parameter variational solution )

In[220]:= x2[t_] :=vOt+at423+bt*5;
£f[x2] = -mwr2x2[t];
i/(2w)

L= simplify[f (%2'' [t] - £[x2] /m) A2 dt]
0

_ 1 3 2 8 6 2 2 2
out[222]= m(n (3151° n® + 3080 b n® (20b+aw’) + 88704 ° w? (20b+aw?) (6a+VvOw') +

295680 w' (6a+vOw?)” +7920 7 (400 b% + 52 abw? + a2 w'+2bvow)))

In[223]:= ans2 = Solve[{ds L =0, Oy L == 0}, {a, b}]1[[1, {1, 2}]]

72 (3548160 vO w? + 98560 5% vO w? + 1160 * vO w? + 7 n® vO w?)
1532805120 + 42577920 7% + 691200 714 + 6048 76 + 35 78 !
1584 (8064 v0 + 112 72 v0 + 7* v0) wt
1532805120 + 42577920 712 + 691200 7% + 6048 7% + 35 78 J

out[223]= {a 5

b-

28 (40 + 7r?) vO w?

Inf[224]:= x1[t] /. {a->- /e {w=>1, v0- 1}
] { 6720+3367\'3+57r‘} {
B 28 (40 + ) t3

Outl22dl= &= 0+ 33672 + 5 ik

72 (3548160 vOw? + 98560 2 vOw? + 1160 x* vO w? + 7 n® vO w?)
In(225]:= x2[t] /. {a~>-

1532805120 + 42577920 712 + 691200 7t* + 6048 76 + 35 78
1584 (8064 v0 + 112 n? v0 + n* v0) wt
- } 7o {wo1, vOs1}
1532805120 + 42577920 712 + 691200 714 + 6048 76 + 35 78
4 6 3

PR 72 (3548160 + 98560 72 + 1160 74 + 7 n%) t .

T 1532805120 + 42577920 712 + 691200 7% + 6048 76 + 35 78
1584 (8064 + 112 ;1% + 1) t3
1532805120 + 42577920 72 + 691200 7% + 6048 76 + 35 78
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28 (40 + n?) t3 72 (3548160 + 98560 7% + 1160 7 + 7 %) t3

In[227]:= Plot[{{t - }, {t- +
6720 + 336 n2 + 5 yé 1532805120 + 42577920 72 + 691200 71¢ + 6048 76 + 35 78

1584 (8064 + 112 7% + 7%) t5
1532805120 + 42577920 52 + 691200 n* + 6048 76 + 35 58 I
sin[t]},
{t, 0, Pi/2}, PlotStyle -
{{Dashing[{0.01, 0.01, 0.01, 0.01}]}, {Dashing[{0.01, 0.05, 0.05, 0.05}]}, {}}]

0.25 0.5 0.75 1 1.285 1.5

Legend : Dottedline : one - parameter solution

Dot - Dashed line : two - parameter solution

Solid line : Exact solution
Obviously, as one narrows down the range to do the variational calculation,
one should be able to obtain better approximations to the exact solution,
asis illustratedon this graph.
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