Measurements of the horizontal coefficient of restitution for a superball
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When a ball is incident obliquely on a flat surface, the rebound spin, speed, and angle generally
differ from the corresponding incident values. Measurements of all three quantities were made using
a digital video camera to film the bounce of a tennis ball incident with zero spin at various angles
on several different surfaces. The maximum spin rate of a spherical ball is determined by the
condition that the ball commences to roll at the end of the impact. Under some conditions, the ball
was found to spin faster than this limit. This result can be explained if the ball or the surface stores
energy elastically due to deformation in a direction parallel to the surface. The latter effect was
investigated by comparing the bounce of a tennis ball with that of a superball. Ideally, the coefficient
of restitution(COR) of a superball is 1.0 in both the vertical and horizontal directions. The COR for
the superball studied was found to be 0.76 in the horizontal direction, and the corresponding COR
for a tennis ball was found to vary from 0.51 to+0.24 depending on the incident angle and the
coefficient of sliding friction. ©2002 American Association of Physics Teachers.
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[. INTRODUCTION scribed as fast, while a surface such as clay, with a high
coefficient of friction, is described as slow. The speed of a
The physics of a bouncing ball has a long history and hasourt affects not only the rebound speed of the ball but also
been the subject of many articles in this jourtidlMeasure-  the rebound spin and angle. Players recognize differences
ments are often reported on the coefficient of restitutiorbetween these court surfaces by the way the ball tends to
(COR) of a ball for a vertical bounce, but very little infor- skid on grass or kick up at a steep angle on clay. Similarly,
mation is available concerning the COR in the horizontalthe rebound speed, spin, and angle of a ball struck by a
direction. The COR for a vertical bounce off a surface thattennis racket or a table tennis bat or a golf club or a cricket or
remains at rest is defined as the ratio of the rebound speed b@seball batis of interest in relation to the dynamics of these
the incident speed. The horizontal COR can be defined for apports, both in terms of the flight aerodynamics and the sub-
oblique impact in terms of the horizontal components of thesequent bounce off the playing surface.
incident and rebound speeds of the contact point on the ball. The spin of a ball in flight is difficult to measure with any
The physics of a ball incident at an oblique angle on atechnique other than high speed photography. High speed
surface has been described theoretically by Gdraid by ~ video cameras that capture images at up to 40,000 frames/s,
Brody> Garwin analyzed the bounce of a superball whileat a cost of $40,000 or more are available. Most video cam-
Brody analyzed the bounce of a tennis ball. Despite the facgras for consumer use capture images at 25 or 30 frames/s,
that both types of balls are relatively flexible and bouncebut some now operate at 100 or 120 frames/s to allow for
well in the vertical direction, their bounce characteristics insmooth slow motion playback. Digital video cameras can be
the horizontal direction are dramatically different. Garwin used to transfer the images to a computer for further analysis.
assumed that the collision is perfectly elastic in both theThe digital camera used in the experiments described in this
vertical and horizontal directions, meaning that the verticapaper was a JVC 9600 which was purchased for $2400, in-
and horizontal components of the ball’s speed at the contacluding the image capture software.
point are both reversed by the bounce. In Brody’s model, the
collision is inelastic in the vertical direction and may be ||. QUALITATIVE FEATURES OF OBLIQUE
completely inelastic in the horizontal direction, in which casegoUNCES
the contact point comes to rest and the ball then commences
to roll during the impact. Both models are somewhat ideal- An obvious difference between a superball and a tennis
ized, but they provide an adequate qualitative description opall is that the former bounces to a greater height when both
the bounce in each case. The results presented here appeagte dropped from the same height. The bounce properties in
be the first measurements for any ball type that allows théhe horizontal direction are less well known, but they are
two models to be evaluated quantitatively. easily observed and easily explained. The differences are il-
Interest in an oblique bounce is not just an intellectuallustrated in Fig. 1 for a bounce on a hard surface such as a
exercise. The International Tennis Federation has recentivood floor. A superball thrown at low speed onto the surface
approved new and expensive apparatus designed to meass@that it is incident without spin at about 20° to the vertical
the speed of any court surface, using a tennis ball projectedill bounce forwards with a topspin at an angular speed typi-
onto the surface at high speed and at a low angle to theally around 5 rev/s. A superball incident at the same angle
horizontal. Measurements of the rebound speed and angind speed but spinning backwards at around 10 rev/s will
provide sufficient information to determine the coefficient of bounce backwards with topspin at around 10 rev/s. In that
sliding friction between the ball and the surface. A surfacecase, the spin, the horizontal velocity, and the vertical veloc-
such as grass, which has a low coefficient of friction, is de-ty all reverse direction as a result of the bounce.
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Fig. 2. The coordinate systems used to analyze the bounce of a ball incident
vertically on a flat surface inclined at an angle to the vertical. The ball is

Fig. 1. Typical bounce parameters for a superball and a tennis ball incidenf,igent at speed, and angled, and rebounds at speed and angled,.
at low speed on a hard surface.

translates forward. A rigid ball will begin to roll under these

A tennis ball incident on a hard surface without spin be-conditions, in which case the friction force will suddenly
haves in a similar manner to a superball, apart from the faciiecrease to a value= ugN, whereur is the coefficient of
that it does not bounce as high and it spins at a slower rat@olling friction. In general, a ball will slide throughout the
If it is incident with backspin and about 20° to the vertical, entire duration of impact only if it is incident at an angle to
then the ball bounces almost vertically and with very little the horizontal less than about 20° because the normal reac-
spin. These results can be described in terms of the net hotiton force and hence the friction force is then usually too
zontal speed of the contact point, taking into account botismall to slow the ball to a point where it can roll.
the translational and rotational speed of the ball at that point. A flexible ball has the potential to grip the surface rather
The horizontal speed of a superball at the contact point ighan roll if the area of contact with the surface comes to rest.
approximately reversed by the bounce whereas the horizontahe bottom of the ball will remain at rest if the coefficient of
speed of a tennis ball at the contact point drops almost tgtatic friction is sufficiently large. The dynamics of this in-
zero—at least this is the case for a ball incident at typicateraction is quite complicatédand involves gripping and
throwing angles up to 60° to the vertical. A tennis ball thatslipping in a similar manner to the grip-slip squeal of a tire
bounces on a tennis court is more commonly incident ats a car rounds a bend. The details can be ignored if one
angles less than 20° to the horizontal. In that case the balssumes that the value ef, the COR in the horizontal
usually slides throughout the impact and the speed of thdirection, is determined experimentally. For the same reason,
contact point(or point9 decreases with time but does not the COR in the vertical direction is rarely calculated theo-
drop to zero. retically because it is much easier to measure it experimen-

It is impossible to observe by eye the behavior of a balltally. If one obtainse, in this way, then Garwin’s model can
during a bounce because the bounce duration is only aboutife modified(as described belowo describe interactions of a
ms for both a superball and a tennis ball. A ball that is inci-rigid or a flexible ball with a flexible surface. Examples in-
dent without spin and that rebounds at 10 rev/s rotates bglude the bounce of a table tennis ball on a bat with a rubber
about 0.02 revolutions or about 7° during the bounce. Howor foam surface, and the bounce of a tennis ball on the
ever, a flexible ball does not rotate as a rigid body during thestrings of a racquét.
bounce. The ball squashes in the vertical direction and it also
deforms elastically in the horizontal direction if it is incident ,
obliquely. Brody avoided this problem by assuming that the lll. GARWIN'S MODEL
impact speed was sufficiently low so that the ball remained Consider a ball of masm and radiusR incident at speed
approximately spherical with radiug, and that it was sub- , angular velocityw;, and at an anglé, on a flat surface,
ject to a normal reaction forchl and a horizontal friction 55 shown in Fig. 2. The surface may be horizontal, or it may
forceF=uN, wherep is the relevant coefficient of friction. pe inclined at an angle to the horizontal, as in the experi-
A ball will usually commence to slide at the beginning of the ments described below. For simplicity, it is assumed that the
impact period, in which casg is the coefficient of sliding mass of the surface is infinite and that the impact force is
friction, us. The friction force decelerates the ball in the much larger than the gravitational force. The dynamics of the
horizontal () direction, reducing the, component of the collision are described by the relatiohs=mdv,/dt andF
center-of-mass speed of the ball. The friction force also ex=—mdv,/dt, whereN is the normal reaction forcé; is the
erts a torque about the center-of-mass, resulting in an inforce acting parallel to the surface, ang, v, are the veloc-
crease in the angular speedin a clockwise direction. liw ity components of the center-of-mass of the ball parallel and
increases to a point wherg=Rw, then any point on the perpendicular to the surface, respectively. In Garwin's
ball in contact with the surface is momentarily at rest on themodel the equations of motion are not needed explicitly,
surface because it rotates backward at the same speed addicause the collision can be described in terms of the vertical
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(ey) and horizontal ¢,) values of the COR, together with  Becauseg, is close to 1 for a superball and close to O for
conservation of angular momentum about the contact pointa tennis ball, a superball will bounce with a smaltey,
Garwin assumed that,=e,=1, but his model is easily ex- component than a tennis ball whes, =0 anduv,, is the
tended to cases wheeg ande, are less than 1. Referring to same for both balls. Becausg, is larger for a superbaifor

Fig. 2, we define the samevy;), a superball will bounce at a steeper angle
vy2 (closer to the verticaltha_n a tennis ball. I_t is also easy to
e=-—), (1)  show that a superball with the same radius as a tennis ball
Uyt and the same value of,; will bounce with greater spin, by

where the subscripts 1 and 2 denote conditions before aral factor of 2.38 ifw,;=0. If the superball is smaller, it will
after the collision, respectively, and wheeg is between 0  spin even faster.
and 1 @y, being negative Similarly, e, can be defined by

the relation
Uyo— Rwy IV. BRODY'S MODEL
&=— "5 (2
Vx1~ Roy Of the two models, the one that best describes the tennis

wherev,—Rw is the net horizontal speed of a point at the ball results presented below is Brody’s model. Consequently,
bottom of the ball. Unlikee, , e, can be positive or negative. this model is now considered in more detail, with a slight
If a ball is incident at sufficiently smatt, and without spin, Medification to allow for finite wall thickness of the ball.
then it can slide throughout the impact without rolling and 2uring the impact, the radius of the ball varies as a result of
will bounce with Rw,<v.,, in which casee,<0. A value its compression. As a first approximation, it will be assumed
_ X that the compression is small and the radRisis essentially
&= —1 corresponds to a bounce on a frictionless surfacethe same as that for a spherical ball. The angular acceleration
wherevX2=_uX1 and W= 7. of the ball is given by-R=1 dw/dt, wherel is the moment
The horizontal friction forceF exerts a torqueFR o jnertia about an axis through the center-of-mass of the
=1 dw/dt, wherel is the moment of inertia about an axis pa||. A tennis ball can be approximated as a thin spherical

through the center of the ball, so that shell with | =2mRé/3, whereR; is the average radius of the
dw do, shell. The wall is typically about 6 mm thick, including a
I rn +m RW =0. 3 3-mm-thick outer cloth cover. For the calculations presented

below, we will takeR=33.0 mm and?; =30 mm. The effect
It is assumed thall acts along a line through the center-of- of the finite wall thickness is thdtis reduced by about 17%
mass and does not exert a torque on the ball. Conservation gmpared with a ball of negligible wall thickness. The re-
angular momentum about a point at the bottom of the ball issound spin is also increased by about 17%, provided that the
therefore described by the relation ball slides throughout the impact. If the ball starts rolling
- before it rebounds, then a reductionliwill cause the ball to
lo1 MRy =lwat MR, @ rolling earlier during the impact, but it has only a rela-
provided that the ball is spherical before and after the collitively small effect on the final rebound spin.
sion. The moment of inertia of a spherical ball is given by  The rebound speed,, spin w,, and angled, can be de-
| =amR?, where=2/5 for a uniform solid sphere anal  termined by taking the time integrals &f and F over the
=2/3 for a thin spherical shell. Equatiori$)—(4) can be impact period,r, so that
solved to show that

(1—ae)vyy+a(l+e)Roq fTF dt=—m(vy2—vx1), 8
Ux2= (1+a) ’ (5) 0
Uy2= ~&Uy1, (6) fOTN dt=m(vy,—vy1), ©
and
and
_(1+ex)Ux1+(a_ex)Rwl 7 .
@2= R(1+a) ™ Rfoth=|(w2—w1), (10)

If ;=0 ande,=1, thenv,,=0.2,, for a hollow shell and L , )
vo=0.429 , for a solid sphere. The corresponding Spinwherevy1<0 because the ball is incident in the negatywe

values areRw, /v,,=6 for a shell andRw, /v ,=10/3 for a direction. If the ball slides throughout the impact, thEn

solid sphere. In both cases the ball spins much faster thap #sN: in which case it can be shown from Ed8)—(10
one would expect from the rolling conditidRw,=v». At

the end of the bounce, a ball with=1 will therefore slide Uyxo=vx1t us(l+e vy, (12)
backward on the surface, due to the recovery of elastic en-
ergy stored in the horizontal direction. Alternatively, df;

=0 and e,=0, then v,,=0.6v,; for a shell andv,, and
=0.71%,, for a solid ball. In both case®w,=v,,, mean- o 2
ing that the ball rolls at the end of the duration of the impact 2~ “! LousR(1+ey)uy /Ry (13
and there is no energy recovery or no energy stored elastFhe ball will begin rolling just at the end of the impact
cally in the horizontal direction. period if v,,=Rw,, in which case

Uy2= ~ €Uy, (12
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Fig. 3. Experimental arrangement showing the position and orientation of a t (ms)

ball at equal time intervals when incident vertically on an inclined surface.
q 4 Fig. 4. Data obtained for a tennis ball dropped from a height of 25 cm above

a timber platform inclined at 20° to the vertical. The surface was covered
with a fine grain emery paper to increase the coefficient of sliding friction.

Rw;+ (1_5R2/R§)vxl The quantityx’ is the horizontal coordinate of the center of the ball in the
Uyo= Py . (14) laboratory(that is, reference gridrame;y’ is the vertical coordinate anél
(1+1.5R“/RY) is the rotation angle. Each data point is separated by 10 ms.

Rolling commences at the end of the impact period if

Roi—vy initial speed, zero initial spin, and with the line on the ball
(1+e,)(1+1.5R/R)v,, (15 facing the camera and passing through the visible center of
y Yoyl the ball. The impact was recorded at 100 frames/s, and with

If ugis larger than the right-hand side of E45), then the an exposure time of 1/500 s, using two 100-W spotlights to

ball will start to roll before the end of the impact period. If provide extra illumination and to minimize shadows. Be-
ur=0, there is no additional change in or w while the  cause the impact duration was about 4 ms, a detailed study of

ball rolls, and hence,, and w, are the same as if the ball ball behavior during an impact was not possible. A 10-cm
started rolling at the end of the impact period. A small9rid was drawn on a large sheet behind the ball in order to
change inv, andw results if g is finite, but the change can calibrate the horizontal and vertical distance scales on the

; ; ; ; video image. The grid was located 3-cm behind the ball and
<0.
g:lc;iglected ffur=0.05 as in the experiments descnbedthe camera was positiode2 m in front of the ball to mini-

If Ri1=R andw,=0, and if the ball enters a rolling mode, mize parallax errors.

B T i For a given surface, angle of incidence, and drop height,
thenv,,=0.6v,4, which is the result obtained above and by several bounces were recorded, and at least ten images be-

5 _ _ _

Brody” If @,=0, R=33.0mm, andR;=30mm, thenv,>  fore and after each bounce were transferred to a personal
=0.64%,, if the ball enters a rolling mode. A tennis ball computer. The images were then printed one frame at a time
incident on a horizontal surface will therefore slow down in and manually digitized, as shown by the example in Fig. 4.

the horizontal direction by at most 35%, provided the inci-The latter process was very slow. It is now possible to down-

dent spin is zero. However, if the ball is incident with back- |oad images in real time at 50 frames/s using almost any
spin, then the reduction in horizontal speed can be muchigital video camera and to analyze each frame using either
larger. According to Eq(14), the ball can even bounce back- free or commercially available softwatehut this was not

Ms=

wards if w, is sufficiently large and negative. possible with the camera available. Because the background
grid was aligned parallel and perpendicular to the floor, the
V. EXPERIMENTAL ARRANGEMENT velocity components of the ball immediately before and im-

mediately after the impact were first determined in terms of

The arrangement used in this experiment is shown in Figthe grid coordinate systenx/, y’). In this system, the hori-
3. A slightly used 57-g tennis ball was dropped vertically zontal component of the ball speed is unaffected by the
through a measured height of either about 30 or about 60 cgravitational force, and could be determined to within 2%
to impact on a 3.8-kg timber platform which was mounted atysing a linear fit to the data. The incident vertical component
various angles to the horizontal by means of a supportingf the ball speed was found to agree, to within 2%, with the
frame resting on a solid floor. The ball bounced either di'expected result; = (2gh) 2 whereh is the drop height. The
rectly on the polished timber platform, or on emery papefyephound spin of the ball is also unaffected by the gravita-
taped firmly onto the upper surface, or onto atonal force and could be determined to within 1%. The ver-
32 cmx25 cm sample of Rebound Ace clamped to the plat+jcal component of the rebound velocity was more difficult to
form. Rebound Ace is the tennis court surface used at thgetermine accurately because it changes with time as a result
Australian Open, and consists of a 1-mm-thick, slightlyof the gravitational acceleration, and small errors in locating
rough acrylic upper layer with a 6-mm-thick rubber backing.the center of the ball immediately after the impact generate
For each of these surfaces, the platform was inclined so thaklatively large errors in determining the initial rebound
the ball could impact the surface at an angdle=-20°, 45°,  speed. Consequently, at least ten data points following the
or 90°. impact were analyzed by fitting a quadratic to account for the

A straight line was drawn across a ball diameter with a feltgravitational acceleration. Using this technique, the vertical
pen so that the rotation angle of the ball could be recorded;omponent of the rebound velocity immediately following
as shown in Fig. 3. The ball was dropped vertically with zerothe impact was determined to within 3%. The velocity data
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7.5 kg the time-average value gfg under actual impact conditions.

However, if the ball starts to roll during the impact, thep
in Table 1 were determined from the “worst” combinations

is lower thanug becausd-= ugN during the rolling stage.
I |
of the measured quantities, , v, , vy, andw,, and are

The experimental errors in all the derived quantities shown
Fig. 5. Arrangement used to measure the coefficient of sliding friction. therefore Ove”y pessimistic. From these results. it can be

seen that
in the grid coordinate system was then used to calculate th@) the coefficient of restitution, e,=v,,/v,,=0.79
velocity components parallel and perpendicular to the in- +0.05, is consistent with the value 0%D.01 mea-
clined surface. sured at perpendicular incidence;

(b) ua is consistent with the value ofg (0.67=0.02)
VI. MEASUREMENTS OF THE FRICTION measured under quasistatic conditions;
COEFFICIENTS (c) the ball spins 41% faster than one would expect if it

was rolling atw,=v,,/R=37.3 rad at the end of the
impact period; and
e,=0.24+0.03 for this bounce.

The coefficient of sliding friction between a tennis ball
and each of the three different surfaces was measured usirag)
the apparatus shown in Fig. 5. A square wood box was con*
structed so that four tennis balls could be squashed into the Results forh=60 cm are shown in Table II to provide
box and dragged across each surface without the balls roll- . N . .
ing. The box and balls weighed 0.67 kg, and additional leacfOMparisons between different surfaces and different angles

masses were placed on top of the box to give a total mass (9I ilnpidence. The results in Table |l are given for a typical
7.5 kg. The force required to drag the balls across the syfhdividual bounce on each surface at each angle of incidence,

face, at a constant low speed, was measured with a spri d do not represent averages taken over several different

balance. These measurements gawe-0.23+0.02 for the (uar;cis. izrcr)nTJct::ITeizt?h\g;LCafgrsfn?ptgzsfog?vzglg.on the
i - A s
polished WOT surfaceus=0.60*0.03 for Rebound Ace, emery and Rebound Ace surfaces, indicating that the ball
and pg= 0.67x0.03 for _the emery paper. . commenced rolling well before it bounced off the surface.
f Thf: co_effl;cnlalnt of ;ﬁlllng ffnctlon wgsir:neaslurgd by plalc;lr;]g ] (b) v, is always less than,, as expected.
our tennis balls on the surface, and then placing a polishe .
wood platform on top of the balls. Additional lead weights b (©) B is gene(rjally larger thad,, except for the low angle
were placed on top of the platform to give a total load of 15 ounce on wood. .
kg. The platform was then pulled horizontally at a constant (@) @2 increases as, increases on the low.s wood sur-
low speed so that the balls could roll between the platform{aC€, but it decreases #s increases on the highs emery
and the surface. The horizontal force was measured with @&1d Rebound Ace surfaces. o
spring balance. These measurements gaye 0.04=0.005 (e) At 6,=45°, w, is larger on the low friction wood
for all three surfaces. surface than on the higleg surfaces. The latter result is
The coefficient of restitution was also measured, by droppartly due to the slightly higher incident speed on the wood
ping the ball vertically onto the timber platform resting hori- surface and partly the result of rolling friction acting for a
zontally on the floor, and recording the rebound height usingonger period on the higls surfaces.
the video camera. For drop heights from 0.3 to 1.0am, (f) At 6,=45°, Rw,~vy5, as one would expect if the ball

=0.77=0.01 for all three surfaces. commenced rolling during the bounce. HowevRty,>v -
on the wood surface, indicating that a small amount of en-
VII. TENNIS BALL RESULTS ergy was stored in a direction parallel to the surface.

(g) At 6;=20°, Rw,<v,, on wood andRw,>v,, on the

A summary of results extracted from the data shown inemery and Rebound Ace surfaces. The result on wood indi-
Fig. 4 is given in Table I, which include&) the velocity  cates simply that the ball did not commence rolling during
components parallel and perpendicular to the surfdpehe  the bounce. The results on emery and Rebound Ace indicate
time integrals ofF andN as given by Eqs(8) and(9), and  that friction was sufficiently large to allow for some storage
(c) a time-average coefficient of friction, defined by the re-and recovery of elastic energy in a direction parallel to the
lation wa= fF dt/fN dt. Provided the ball slides throughout surface.
the impact, so that = ugN, thenu, provides a measure of  Results obtained at lower incident speeds, as well as the

Table |. Results obtained from Fig. #{(=20° on emery with v in m/s. The units of impulsefF dt are
Newton second$N s).

Uy Uyr1 Uy Uyro 6, 0,
0 2.24:0.04 0.99-0.02 0.95:-0.03 20°+0.5° 26.2%£1.5°
Ux1 Uy Ux2 Uy2 U1 U2
2.10+0.04 0.720.014 1.230.03 0.6%0.03 2.24:0.04 1.372:0.03
w5 vy2lvyy JF dt JN dt Ma Rwj lvyo

52.4+ 0.5 rad/s 0.7%0.05 0.056-0.004 0.079:0.002 0.64-0.05 1.4%0.05
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Table II. Results for three different surfacesi6 m/s, w, in rad/s.

Surface 0, v, vy 0, Wy Rw, Uyo Uyolvyg ey ey Ma Mg
Wood 20° 3.72 3.09 19.2° 34.9 1.15 2.92 0.84 0.80 —0.51 0.25 0.23
Wood 45° 3.80 2.53 50.4° 58.2 1.92 1.61 0.60 0.73 0.11 0.23 0.23
Emery 20° 3.53 2.24 27.2° 78.5 2.59 1.99 0.60 0.84 0.18 0.59 0.67
Emery 45° 3.70 2.66 51.3° 49.9 1.65 1.66 0.63 0.79 -0.01 0.20 0.67

R. Ace 20° 3.35 2.13 23.4° 76.7 2.53 1.96 0.62 0.74 0.18 0.60 0.60
R. Ace 45° 3.60 2.66 49.3° 50.6 1.67 1.74 0.68 0.79 -0.03 0.18 0.60

results shown in Table Il, are plotted in Figs. 6 and 7 tocovery of elastic energy in the horizontal direction has no
compare with theoretical calculations of Sec. (Brody's  effect onv,,, butvy, is reduced and henas is increased as
mode). The theoretical curves were evaluated wikh described in Sec. Ill.

=33.0 mm,R;=30 mm,m=57 g, ande,=0.77. In theory, An alternative explanation for the higher than predicted
the ratiosv, /vy, 6,/6;, andRw,/v,, shown in Figs. 6 and Spin is that the normal reaction force might act vertically
7, are all independent af; if e, is independent of ;. The through a point behind instead of through the center-of-mass.
experimental data points in Figs. 6 and 7 were plotted assum-"iS would provide an additional clockwise torque on the
ing thatus was equal tqu, for the wood surface. The value Pall- Such an effect would be expected if the bottom of the
of 4, was slightly different for each bounce, but all values ball grips the surface while the top of the ball continues to

. . - . move horizontally at a slightly higher speed. If so, then the
were consistent with the valyes=0.23+0.02 as described ball would tend to lean forwards during the bounce. In fact,
in Sec. V. For the emery and Rebound Ace surfaces, whe

be d ined reliabl he b q " is precisely this effect that leads to elastic deformation or
ps cannot be determined reliably from the bounce daid,  ghear in the horizontal direction. However, if one incorpo-

was assigned a \{alue determined by loading the ball with &< this additional torque into Brody's model, thep is
7.5 kg masgthat is, us=0.60+0.03 for Rebound Ace and increased and hena® is decreased. A decrease i is in
'“S,:O'GE 0.03 for gmery In order to separate the data ihe wrong direction to explain the rebound angle results in
points more clearly in Figs. 6 and 7, the latter points wererjg g If the effect does occur, then the recovery of elastic
plotted with a small spread in the assigned valueg £f For energy appears to be a more dominant effect.
example, the data points for emery are plotted wjth An additional complication is that any dynamic distortion
=0.64 for the higher incident speed bounces, are-0.67  of a ball from its initial spherical shape leads to high fre-
for the lower speed bounces. Similarly, the data points foquency oscillations of the ball. For a tennis Baihe funda-
Rebound Ace are plotted withs=0.59 or 0.61. mental vibration frequency is about 500 Hz. Consequently, a
The experimental results in Figs. 6 and 7 agree remarkablpall impacting a surface at an oblique angle vibrates both
well with Brody’s model, given the simplifying assumptions. horizontally and vertically for about two full cycles of oscil-
The only significant departure is that the ball spin and redation during the impact. High speed video film taken by the
bound angle are higher than predicted for the bounces in Fignternational Tennis Federation shows that the oscillations
6 on highug surfaces at a low angle of incidence. Both of are large, typically about 10 mm in amplitude for a high
these effects indicate that some of the impact energy is storegPeed impact on concrete or on the strings of a racquet. Simi-
elastically in horizontal deformation of the ball and that it is lar high frequency oscillations can be observed on the sur-
partially recovered during the rebound, givieg~0.2. Re- face of a superball if one attaches a piezo disk to the surface.

6, = 20° R =30mm R=33mm 6,= 45° R =30 mm R=33mm
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Fig. 6. Theoretical and experimental results for a tennis ball incident at 20Fig. 7. Theoretical and experimental results for a tennis ball incident at 45°
on three different surfaces/\(=experimental values of,/6;. ®=v,/v;. on three different surfaces/A(=experimental values of,/6,. ®@=v,/v;.
O=Rw,/v;.) O=Rw,/v;.)
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VIIl. SUPERBALL RESULTS translate to a difference in ball position of several feet, so a

1% difference can win or lose a match. However, this differ-
Measurements were taken of the bounce of a large supeg;

. I nce does not seem to be the dominant factor determining
ball of mass 102.5 g and diameter 60.0 mm, by filming they,e giference between clay and grass surfaces. Players com-
bounce when it was thrown at low speed onto a smooth, har

4 Awhite line d di ¢ dt ensate for the slower clay surface not by serving the ball
wood floor. AWNIte fin€ drawn across a dlameter was USea 1, o 1yt by serving slower. The average first serve speed for
measure the rotation speed. The ball was thrown using bo

. ; : . en playing on the grass courts at Wimbledon is about 185
hands to impart backspin, so that it was incident at about Zokph. At the French Open, which is played on clay, the aver-

to the vertical. Thirty bounces were filmed and three almos%lge first serve speed is only 160 kph. The reduction in serve
identical bounces were analyzed. The parameters for one palpeeq in tself could be seen to account for the observation
ticular bounce werevy,=—4.13 m/s,v,;=1.18 M/S, w1 that the ball bounces much more slowly on clay, but players
=—67.0 rad/s,v,,=3.57 m/s,vy,=—0.625 m/s, andw,  on clay serve with more topspin, which necessarily reduces
=60.0 rad/s. The ball was therefore incident at 15.9° to thehe serve speed. In order to impart topspin to a ball, the ball
vertical and it bounced at 9.9° to the vertical, wid) must be incident obliquely on the strings the racquet
=0.86. For this bounc&Rw,=2.8&,, ande,=0.76. Essen- frame of referencerather than at normal incidence, with the
tially the same result was obtained for the other two bouncegesult that the ball acquires rotational energy at the expense
The coefficientse, and e, are both less than the ideal of translational energy.
value 1.0, but both are significantly larger than the corre- There are several reasons why players might serve more
sponding values for a tennis ball. It is possible teawill ~ slowly on a clay court, or faster on a grass court, but there
vary with incident angle and bounce surface, but this possiare insufficient data to explain the difference in serve speeds
bility was not investigated for the superball. The coefficientwith certainty. One possibility is that the maximum horizon-
of static friction for the superball on the wood floor was tal coefficient of restitution on clay is not zero, as assumed in
measured to be 0.320.04 using four identical superballs the Brody model, but it is larger than zero as observed above.
squashed in a box as described in Sec. VI. The correspondidf €x Was sufficiently large, themn,, could be significantly
coefficient with four tennis balls in the box was 0-18.02.  Smaller than predicted by the Brody model in which case
This result is consistent with the fact that a superball tends t§lay courts could indeed be slower than expected. A ball
stick to the surface during a bounce whereas a tennis ball gerved at around 200 kph is incident at a relatively low angle

more likely to roll. on the court, typically about 12°. Such a ball should slide
throughout the impact and at no time will the bottom of the
IX. DISCUSSION ball come to rest or grip the surface as in Garwin’s model,

regardless of whether the ball is served on grass or clay.
One of the difficulties underlying any quantitative analysis Consequentlye, should be negative in this case and the ball
of ball sports is obtaining accurate data on the bounce proRgj|| siow down by about the same amount on both surfaces,
erties of both the ball and the surface on which it bounces. Iyg predicted by the Brody model. However, a ball served at
the absence of such data, one can adopt a theoretical bounggg kph with heavy topspin is incident on the court at an
model such as the Brody or the Garwin model, but neithebngie of about 16°. If the coefficient of sliding friction is
model on its own is capable of explaining some of the feay5 qer than about 0.7, the ball might enter a rolling mode

tures that are observed in practice. Departures from bounc(ee = 0) or it might grip the surfaceg>0). If the ball grips
9 .

g}no ddila?]regcladill(l)l?sirzgélkv?/2¥htoa?1 ee?(gsni:)\llgdfrlgrgu tgilrl]izpsvrittithe surface, it will kick up at a steep angle and reach the peak
; . . of its trajectory slightly behind the baseline. If the ball slides
which the author is more familiar. If one calculates the re- S
bound speed, spin, and angle of a tennis ball incident on gwoughout the bounce, it will rebound at a smaller angle and
reach the peak of its trajectory near the back fence.

tennis court and then combines that information with mea- An alternative explanation for the slow serve speeds at the
sured lift and drag coefficients to determine the resulting bal ) P P
French Open is tha, on clay may be larger than the value

trajectory, then the result is not always consistent with com o .
mon observations. For example, players and commentatofs /> SPecified by the rules of tennis for a 10042.54-m

universally agree that a ball bounces much more slowly andoP on a hard surface. The valuesegfgiven in Table Il
much higher off a clay court than off grass, despite the facivere obtained at low ball speeds and are not directly relevant
that calculations based on available data show that the dito the problem because it is known tregtdecreases as the
ferences should be relatively small. A ball served at 200 kpiball speed increases, at least for a vertical bounce. However,
(124 mph lands on the court at a speed of about 150 kph, abbservations of players in action indicate teatcould be as
an angle of incidence of about 12° witl);~8 m/s. The ball  large as 0.85 if a ball is incident obliquely and with topspin.
will take about 0.59 s to reach the opponent’s baseline if it isA player serving a ball with reduced speed but with heavy
served on a grass court wilas=0.6. On a clay court with topspin on a clay court can .get the ball to bounce to around
us=0.8 the ball will take 0.02 s longer according to the head height. This strategy is favored by players because a
Brody bounce model. This time difference appears to be to®all arriving at heaq or should(_ar helght is more difficult to
short to make a significance difference to the nature of théeturn than one arriving at waist height. A bounce around
game' given that a S||ght|y S|Ower serve Speed on grasgead he|ght IS C0n5|derab|y h|gher than one would eXpeCt if
would have the same effect, yet players see the two surfac&=0.75. A ball served at around 160 kph with heavy top-
as being quite different. spin is incident on the court at a vertical speed of about 8
There are circumstances where a difference of 1% in balin/s. If it bounces withe,=0.75, then a simple estimate of
speed or spin can make a big difference to a good player, builhe bounce height ignoring aerodynamics indicates that the
to an experimental physicist, a 1% difference is usually noball should bounce to a height of about 1.8(about head
significant. In tennis, a difference of 1% in ball speed canheigh). However, if one includes the effect of the Magnus
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force arising from ball spin, then the ball should bouncesliding friction, e, is typically close to zero, meaning that the
slightly above waist height. It seems that the incident spin otollision is completely inelastic in the horizontal direction

a ball may enhance, if the ball is spinning fast enough. One and that the ball begins to roll during the impact. However,
might expect that if a ball rotates by about half a revolutione, was observed to be about 0.2 for a low angle impact on
during a bounceas it does when spinning at 100 revdhen  surfaces with a high coefficient of sliding friction, indicating
the deformation and energy loss might locally be reduced ahat the ball deforms elastically in the horizontal direction
all points in contact with the surface. However, there are nand that some of this energy is recovered on rebound. As a
data available to support or refute this hypothesis. An alterresult, the ball spins faster and rebounds at a steeper angle
native hypothesis is that sand on the court accumulates ahegthn whene,=0. This behavior parallels that of a superball

of the ball to form a small ramp which deflects the ball to aput the effect is typ|ca||y much |arger for a superba”_ A su-

greater height than one would normally expect. However, gerball therefore spins faster than a tennis ball under the
ball served with heavy topspin can also bounce to aroundgme oblique impact conditions.
head height on Rebound Ace or DecoTUdS Open sur-
faces which are relatively smooth and hard and are not covACKNOWLEDGMENT
ered in sand.
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monly used in sport, either at low speed or at speeds 0Frhe strings are designed to stretch in a direction perpendicular to the string
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relevance to these sports. plane, but they also move and stretch slightly in a direction parallel to the
surface. Excessive movement of the strings parallel to the surface is for-
X. CONCLUSIONS bidden by the rules of tennis because it allows a player to impart excessive

spin to the ball. It is mainly for this reason that the cross strings must be
The coefficient of restitution of a ball for a vertical bounce Woven alternately under and over the main strings. Strings that are not
can be measured easily in terms of the bounce height or th woven in this manner were available in the 1970’s as “spaghetti” strings.

b d. A signifi | ff . ired hese were quickly banned because they allowed the string plane to store
ounce speed. significantly greater effort Is required to elastic energy in a direction parallel to the surface, with the result that

measure the horizontal coefficient of restituti@y, which extra spin was imparted to the ball. Similarly, one could impart additional

partially explains why very little information is available on backspin to a golf ball or a baseball using a club or bat with a rubber

this parameter_ Measurements and calculations for a tennissurface. The ball would travel a greater distance, partly due to the addi-
; ; ; tional lift force and partly because the impact would be softer, less energy

.bal.l show thatex IS negatlye for an Impa_C_t at low "."”.9'95 .Of would be dissipated in the ball and hence the speed of the ball off the club

|_nC|dence on a surface \_Nlth a low coefﬂmen; of sliding fric- ;" pat would be greater.

tion, because the ball slides throughout the impact. At largery, m. wehrbein, “Using video analysis to investigate intermediate con-

angles of incidence on surfaces with a high coefficient of cepts in classical mechanics,” Am. J. Phg$, 818—820(2007).
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