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The study of the mechanics of tumbling toast provides an informative and entertaining project for
undergraduates. The relatively recent introduction of software packages to facilitate the analysis of
video recordings, and the numerical solution of complex differential equations, makes such a study
an attractive candidate for inclusion in an experimental physics course at the undergraduate level. In
the study reported here it is found that the experimentally determined free fall angular velocity of
a board, tumbling off the edge of a table, can only be predicted at all accurately if slipping is taken
into account. The size and shape of the board used in the calculations and in the experiments were
roughly the same as that of a piece of toast. In addition, it is found that the board, tumbling from
a standard table of height 76 cm, will land butter-side d@meglecting any boung¢édor two ranges

of overhang 6,). &, is defined as the initial distance from the table edge to a vertical line drawn
through the center of mass when the board is horizontal. For our k@endth 10.2 cm the
approximate ranges of overhang are 0—0.8 and 2.7-5.1 cm. The importance of the 0«6rycm

2% of all possible overhangs for which tumbling is possilfé/oring a butter-side down landing
should not be underestimated when pondering the widely held belief that toast, tumbling from a
table, usually falls butter-side down. @01 American Association of Physics Teachers.
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[. INTRODUCTION hardly worth the effort. However with the availability of
video analysis software packages suclviagsopoINT® to aid

Over the past five years a number of papers dealing witithe experimental investigation, and the a?vailabillity of sophis-
the mechanics of tumbling toast have appeared in thécated modeling programs such sEeLLA” to facilitate the
literature~® These interesting and entertaining papers werdumerical solution of nonlinear differential equations with a
motivated, in part, by a desire to verify and explain the popu-Minimum of programming effort, the detailed study of tum-
larly held belief that toast, falling from a table, usually landsPling toast becomes a viable and interesting project for un-
butter-side down. dergraduates in an experimental physics course.

A simplified theoretical treatment of the dynamics of tum- I the present paper we report on measurements of the
bling toast has been given by Matthetvand independently coefficients of kinetic and static friction for a board, of
by Steinerf These treatments assume that the toast has ne§Rughly the same dimensions as a piece of toast, and present
ligible thickness and that the toast leaves the table once thi@eoretical calculations of the expected angular velocity of
maximum static friction force is exceeded. With these asfrée fall using a theoretical framework which includes slip-
sumptions, the free fall angular velocity can be determine®ind- The theoretical free fall angular velocities are com-
analytically [see Eqgs(14) and (15) below]. For a range of pareq to previous calculat_lons and to experlmental 'results
coefficients of static frictior{0.2—0.6 it was found that the obtained from video recordings of a tumbling board. Finally,
free fall angular velocities of tumbling toa&tee Table Il of ~ the total angle of rotation, during free fall from a table of

Ref. 3 were such that the toast would rotate through angle§eight 76 cm, is computed for various overhangs, and the
less than 270° when falling from a table of height 76 @ee  esults compared with observations of butter-side down and

Table 1ll of Ref. 3. This means that the toast lands butter_butter-_side up landings. Although the coefficients of friction_
side down. However, for small overhangs the angle of rotafor @ piece of toast and the board we have used can be quite
tion is often less than 90°, implying a butter-side up |andmg.d|fferent, theory indicates that the general behavior exhibited
This is not shown in Table 1ll of Ref. 3 but can be easily by board and toast is quite similar. Suggestions for additional
verified (see our Fig. 8 On the other hand, Matthews, using Projects involving tumbling objects are given in the final
the same theoretical framework as Steinert, argues that tH€Cction.
toast falls butter-side down for small overhangs. Il. THEORY
Experimentally, Stevenson and Bacdiound that there
seemed to be agreement between the angular velocity calcu-A common bread in Greenville, PA is Nickles jumbo
lated from measurements of the angle at which the toast agvheat. This bread is made by the Alfred Nickles bakery in
pears to leave the tabJeee Eq(14) below], and the experi- Navarre, OH. According to the label on the packaging the
mentally measured free fall angular velocity. However, theAlfred Nickles bakery has been producing “quality baked
magnitude of the angular velocity was significantly largergoods for a century.” A slice of this fine bread measures
than one would expect on the basis of the theory developetbughly 10<9.5x1.3cm. Some initial experimentsvere
by Matthews and Steinert, assuming coefficients of statiperformed with toast made from this bread, but the uneven-
friction in the range 0.2—-0.6. Clearly there are a number ohess of the surfaces, the crumbly nature of the toast, varia-
inconsistencies in the studies carried out heretofore. tions from slice to slice, and its tendency to become hard and
Until a few years ago, further experimental and theoreticabrittle over time affects the reproducibility of the experi-
investigation of tumbling toast might have been tedious andnents. Consequently, a plywood board, of comparable di-
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Fig. 1. Coordinate systeitr,f) and geometry for the tumbling board.

mensions (10.210.8x1.3cm), was used for the detailed
study presented in this paper. The term board and toast will

be used interchangeably in this paper.
Consider a board of half length and thicknes$ placed

B=—rtbl(2r?cosp) )

and

B=t?sinB(1+cog B)/(r?cos B)—f tanplr. 9

Equations(4), (5), and(7)—(9) are the most general equa-
tions describing the dynamics of tumbling toast.

Initially, as the toast begins to rotate about an axis along
the edge of the table, there is no slipping. Hencer, and
B=pBy are constants, and= 6. For this initial situation,
therefore, Egs(4), (5), and(6) become

Fn sinBo— F cosBy+mgsin(6— Bg)=—mry6%, (10)

—FycosBo—FysinBy+mgcod 0— Bo)=mryf, (11)
(FnCOSBo)r o+ Feb/2=m(a?/3+b?/12) 6.

ro is constant and is given by = \/(b%/4+ 52), whered,
is the initial overhang; siBy=b/(2rg) and coBy= & /ry are

(12

on a horizontal surfacésuch as a tab)eso that the center of also constant.
mass of the board extends past the edge of the surface. TheCombining(11) and(12) yields

initial overhang ©,) is defined to be the horizontal distance
from the edge of the table to a vertical line drawn through
the center of mass when the board is horizofitathe case . . . .

The equations for thin toast, under no-slip conditions, de-

of the board, this is the geometric centdfor 0< §y<a, the . .
board will tumble from the horizontal surface since its centerVeIOped by Matthewsand Steinerf, can be obtained from

of gravity overhangs the edge of the table. Egs. (10), (11), gnd (13) by settingb=0, Bo=0, andry )
Figure 1 shows the free body diagram, and the polar co= do- The equations can then be solved for angular velocity

6=(rog cog 0— By))/((a?+b?)/3+ 53). (13)

ordinate systemr(,6), used to theoretically analyze the dy- (6= &) and for the ratioF/Fy to yield"®

namics of tumbling toast.

The dynamics of the tumbling boarGssumed to be a
rigid body) is governed by(a) Newton’s second law applied

to the center of mass:

E Fex=Mac m , (1)

and (b) the torque-angular momentum equation:

2 Tem =03 m /dt. (2

a?=(6gdysina)/(a®+363), (14)

F/Fy=(1+965/a%)tana. (15)
The toast begins to slip whe¥ /F\ becomes equal to the
coefficient of static friction. Steineftusing a range of coef-
ficients of static friction, calculated critical values @ffrom
(15). The critical value ofx is the angle that the toast makes
with the horizontal at the moment of slipping. The angular
velocity at these angle&he critical angular velocifywas
then calculated using E@l14). The free fall angular veloci-

For the case of tumbling toast shown in Fig. 1, the angulaties were assumed by Steinert to be equal to these angular

momentum {.,,) can be written as
Jem=lema. ()
Applying Eq. (1) to Fig. 1 yields
FnSinB—F;cosB+mgsin(6—Bo)=m(t—r6%), (4)
—FycosB—F;sinB+mgcog 6— By) =m(r -+ 2i 29)(.5)
Applying Eq. (2), with J.,, given by (3), gives
(FycosB)r +F¢b/2=m(a?/3+b?/12) &. (6)

a, B, and @ are related througlx= 60— By+ B. By is con-

stant and is given by taB,=b/(2&). Therefore,a= 6+ 3
and Eq.(6) can be written

(FycosB)r +F;b/2=m(a?%/3+b%/12)(6+ B). 7)

In these equationst = \[(b%/4+ %), sinB=b/(2r), and
cospB=4lr. Using sing=b/(2r), it can be shown that
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velocities. This implicitly assumes that the toast leaves the
table once slipping starisee Tables I-I1ll of Ref. 3

In the experiments performed by Stevenson and Baeon,
tumbling board and a piece of tumbling toast were recorded
on videotape at 30 frames per second. The experimentally
determined free fall angular velocities were found to be sig-
nificantly greater than any predicted from reasonable coeffi-
cients of static friction(0.2—0.6, but tended to agree with
those calculated from Ed14) using measurements of the
angle at which the toast appeared to leave the table. How-
ever, the precise time and angle at which the board leaves the
table are difficult to measure because of insufficient time
resolution(1/30 3.

In Ref. 5 it was suggested that the larger than expected
free fall angular velocities may be due to assumptions re-
garding the use of the standard expression for static friction
(Fs=usFy) and/or due to the neglect of any sliding motion.
In addition to these two factors it was suggested that the
thickness of the board may also play a role. As we shall see,
the latter effect is of minor importance.
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Fig. 2. Typical video frame used to measure the coefficient of static friction,:ig_ 3. Typical video frame from a video used to measure the coefficient of
for a tumbling board in contact with an edge. The thumb is used to controkinetic friction of a board in contact with an edge.

the gentle tilting of the board. Generally the video clip contains a number of
slipping frames as the experimenter gets a feel for controlling the board.

ll. EXPERIMENTAL DETERMINATION OF THE B. Kinetic friction
COEFFICIENTS OF STATIC AND KINETIC o S
FRICTION The coefficient of kinetic friction was measured by record-

ing the motion of the board sliding on two edges of the same
table material as shown in Fig. 3.
A. Static friction By applying Newton’s second law to this situation and

o o ) . using the relationshif = uFy, it is easy to show that
The coefficient of static friction was determined by video-

taping the board while it was gently tilted and began to slide.  u,=(gsSina—a.m)/(gcosa).
Then vVIDEOPOINT was used to measure the angle at which ) ]
slipping began. Figure 2 shows a typical video frame at the iS the angle the board makes with the horizontal, apg
time of slipping. The angle that the plane of the board make#s the acceleration of the center of mass.
with the surface of the table is gently increased using the Using VIDEOPOINT the position of the board can be mea-
thumb to control and push down on the board. Without thesured as a function of time. A plot of these data as a function
use of the video it is almost impossible to obtain a reliableof time for one value ofx is shown in Fig. 4. Also shown is
measure of the angle. a fit of the data to the functioa, ,,t?/2 usingpsiPLOT? This
Application of Newton’s second law witla, ,=0, and Yielded the acceleratioa, . Using different angles, the
using the condition thal ;= uFy at the point of slipping, Value of the coefficient of kinetic friction was determined to
leads tous=tana,. The anglex, is the angle at which slip- be ux=0.24+0.02.
ping begins. Repeated measurementofielded a value for
us=0.32+0.02.
It should be noted that in measurements made by
Matthews! the coefficients of static friction for bread and
toast were measured by simply tilting the surface upon which g4
the toast was placed. We have found, however, that the co
efficient of static friction measured in this way can be quite
different from that measured for an edge. For example, for o030
our board the coefficient of static friction for flat surface &
contact was found to be about 0.4 as opposed to 0.32 for the
edge. On the other hand, for our Nickles toast, the coefficient? o020
of static friction was found to be 0.58 for the flat surface and
0.62 for the edge. Hence, for the Nickles toast the edge fric-
tion is larger than that for a flat surface, while the reverse is  cowe
true for the board. In addition, we note that the coefficient of
static friction for Nickles toast is significantly higher than : |
that for the toast used by Matthewm(=0.25). For any 0‘00(?.000 0.050 0.1‘00 0.150 0.200 0.250 0.300
guantitative work it is therefore important to measure the
coefficients of friction for the tumbling object and the edge
one is going to use. Fig. 4. Position vs time graph obtained from vidgtg. 3.

Position vs time for a board sliding on two edges (o = 0.34 rad)

0.035 )
Fitted curve: apt/2

0.025
acy from fitted curve = 0.88m/s> \\\

pg = {gsina - agy)/(geosa) = 0.26
0.015

0.005

LA LA L L B Y B B

Time (s)
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Table I. Experimentally determined angular velocities for different over-
hangs.
Overhang Measured angular velocity
(cm) (rad/9
0.10 6.93:0.26
0.30 8.80-0.24
0.55 10.0%0.34
0.85 10.96:0.36
1.10 11.570.37
1.30 12.2-0.67
1.60 12.47-0.62
1.85 12.57-0.37
2.10 12.170.31
2.30 12.4%0.55
%302 y:175 pixels) Paint 53 (13) were first solved numerically fof and # usingSTELLA.

An analytic solution foré is possible but the solution fof
dnvolves an elliptic integral. The ratiB;/Fy was also cal-

culated using these equations, and the values arfid 6, for

F;/Fy=0.32, were determined. These are the value® of
IV. MEASUREMENT OF THE ANGULAR VELOCITY and ¢ at which slipping begins. With these valuessrg, f

OF A TUMBLING BOARD =0 as initial conditions, and a coefficient of kinetic friction
The motion of our tumbling board, after it left the table, =024, Egs(4), (9), (7), and(9) were then solved numeri-

was recorded at 30 frames per second for different values ¢@lly for 6, 6, t, r, and 8. The angular velocityqx= 6+ 8,
overhang. The video recordings were then analyzed usinghen the normal forceRy) became zero was then deter-
VIDEOPOINT, and the angle alpha as a function of time wasmined. This is the free fall angular velocity. As can be seen
determined. Figure 5 shows a frame of the vidéar an  from Fig. 7, the agreement between theory and experiment,
overhang of 1.1 cinwith a typical set of angular measure- over the range of overhangs considered, is excellent. The
ments superimposed. The angular measurements were maioretical curves for thin toast were calculated in a similar
after the board left the table. fashion. The STELLA models can be viewed ahttp:/

Figure 6 shows a plot of the measured angle versus tim@vww.thiel.edu/academics/physics/projects/toast/default.htm
and a fit of the data to a straight line. The slope of the line is From Fig. 7, we can conclude that slipping plays an es-
the free fall angular velocity. sential role in the dynamics of tumbling toast, and must be

Table | gives the various overhangs, the correspondingonsidered in order to get agreement with the measured an-
measured average angular velocities, and their standard dgular velocities. Previous theorfMatthews and Steiner)
viations. These data are shown plotted in Fig. 7 along wittpredicts the lower solid curve, which is in complete disagree-
the theoretical predictions.

The solid lines are the theoretical results for a board with
thickness 1.3 cm and the dashed lines are for a board witt Experimental and theoretical angular velocity versus overhang

zero thickness. To obtain these curves, EG§), (11), and 140
13.0

Fig. 5. Experimental setup for measuring the free fall angular velocity as
function of overhang.

Final angular velocity (thick board)

12.0
11.0
10.0

9.0

Free Fall Rotation =l
(Overhang= 1.1 cm) "~ Final angular velocity (thin board)

4.00

3.50 |- 70

60
5.0
40
3.0
2.0

Angular velocity (rad/s)

30 Slope=11.56 rad/s

2.50 —

Alpha(rad)

2.00 —
0.000 0.003 0005 0.008 0010 0.013 0.015 0018 0.020 0.023 0.025
1.50 —
Overhang (m)
1.00 ) . . .
Fig. 7. Experimental angular velocifglosed dots with error barys over-

0.50 — S E— \ \ hang for a tumbling boardlength 22=10.2 cm and thickness=1.3 cm.
0.600 0.650 0.700 0.750 0.800 0.850 0.900 ws=0.324,=0.24). Solid lines are the theoretical curves obtained by nu-
Time(s) merically solving the differential equations for the case of a thick board.

Dashed lines are the theoretical results for a board with zero thickness. The
Fig. 6. Typical dataclosed dots of angle of rotation vs time during free lower two curves are the curves obtained using the simple theory which
fall. The solid line is a straight line fit to the data. ignores slipping.
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Table Il. Observed butter-side up or butter-side down behavior of a tumthe largest overhangs. It should also be noted that the calcu-
bling board. lations show that the board should land butter-side up for
overhangs close to zersee our Fig. 8since the board ro-

vaghgggc(;m) i?;?tr:r-lzigis tates through less than 90° for the smallest overhangs.

- The STELLA modeling program can easily be adapted to
0.10 Down determine the butter up—butter down behavior of the board.
0.30 Down Referring to Fig. 1, where the positiyeaxis is taken to be
0.63 Down vertically up and the origin is at the table edge, theoor-
g'gi ?J(:)W” dinate of the center of mass is given by
0.85 Up =—rsin(6— .

110 Up y n(6—Bo)

1.30 Up Differentiating with respect to time yields thecomponent
1.60 Up of the center-of-mass velocity,

1.85 Up .

2.10 Up y=—1 sin(6— —rcog 60— 0.

535 o y n(6— Bo) 16— Bo)

2.80 Up The values of, i, 6, and#, as the board breaks contact with
g'gg Bgm the edge, can be obtained from theeLLA modeling pro-
3.40 Down gram as a function of overhang. Hence the initial valugs (

3.7 Down andy,) for they coordinate angg component of the velocity

for the free falling center of mass can be determined. The

angle between the surface of the board and the horizontal as

) ) N . ~ the board leaves the edged), and the corresponding angu-

ment with experiment. In addition, Fig. 7 shows that thick-|ar velocity (a,) (the free fall angular velocify can also be

ness plays a rather minor role in determining the final angugptained from thesTELLA model. Using these values, tlye

lar velocity. coordinate of the edge of the board nearest the floor at any
instant of time can be calculated using

Y(U) nearest edge Yot yot_4-g2_ a|sin(a0+ dot)|-

V. BUTTER-SIDE UP OR BUTTER-SIDE DOWN?

The butter-side up or butter-side down behavior of our i i ) )
board was investigated by varying the overhang and obsenf=om this equation, the time ) and the corresponding total
ing whether the board came to rest with its butter side up ogngle of rotationar=(ag+ agt) for Ynearestedge — 76 cm
down in a sandbox positioned underneath the edge of thean be calculated. The board will land butter-side down for
table. The use of the sandbox prevented any bounce. THO°<a7<270°; otherwise it will land butter-side up. The
table surface was adjusted so that it was 76 cm above thealculateda is shown plotted as a function of overhang in
surface of the sand. Table Il shows the experimental result$:ig. 8 (solid line). The dashed curve is the curve generated

Clearly this behavior is quite different from the behavior using the computational procedure of Ref. 3. Comparison of
one might expect from the data given in Table Il of Ref. 3. Fig. 8 and Table Il shows that our theoretical calculations
According to that table, a board with coefficient of static predict the observed behavior very well, while calculations
friction around 0.3 should land butter-side down for all butwhich ignore slippingdashed curvedo not.

6
Calculated total angle of rotation using
complete theo

st 270 degrees P v /»‘/
—~ - —
=
g
£ |
s Calculated total
g angle of rotation
~ : . lioni Fig. 8. Theoretical calculations of to-
s 3 I 1gnoring sippmg tal angle of rotation for boardength
@ T T — / 2a=10.2cm and thicknessb=1.3
&b ST T </ cm, ug=0.32, u,=0.24), falling from
< yd T a surface 76 cm above the floor. The
s S . board lands butter-side down for
ﬁ e angles of rotation between 90° and

/90 degrees ‘ 270°.
" [Butter side down Butter side up Butter side down
for these overhangs for these overhangs i for these overhangs
W \\““
0 L v | L | !
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
Overhang (m)
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VI. CONCLUSIONS AND SUGGESTED TOPICS FOR mentally measured’s andr’s while the board was in con-
FURTHER STUDY tact with the table, and the values predicted theoretically, by
) o . videotaping the board from close up. This met with mixed
In order to obtain an accurate description of the behaviog,ccess because of the inadequate time resolut8
of tumbling toast, the slipping regime must be included.frames/3 and unknown shutter speed of the video recording.
When this is done good agreement between the theoreticgh most cases, however, we were able to confirm a ballpark
free fall angular velocity and the experimentally observedime for the onset of slipping and a time and angle for loss of
angular velocity is obtained. Consequently, the butter-side Upgntact with the edge consistent with that expected from the
or down behavior of a tumbling board can only be explainedneory and consistent with previous measurements.
if slipping is taken into account. _ If the frame capture speed can be increagedl00—200
As can be seen from Fig. 8 and Table II, the board used iframes/3 it would be interesting to carry out a detailed com-
the study reported here lands butter-side down, when fallingarison between the theoretically predicted and experimen-
from a table 76 cm high, for overhangs given by tally measuredy's andr’s. This is a particularly intriguing
0<§p<0.8 cm, 2.76,<5.1 cm. prospect since theTELLA simulation (with a thick boardl

) indicates that at the start of the motion the static friction
These two ranges constitute about 63% of the completgyrce must point outwards away from the edge. As time goes

overhang range. At first glance this might seem somewhagp, the static friction becomes zero and then pulls inwards,
discouragingfor butter-side downejyssince it would be nice  yeaching its maximum static value roughly midway through
if the board almost always fell butter-side down as is preyhe motion. In the simulations run to date, the assumption
dicted by calculations which ignore slipping. Unfortunately, was then made that the friction force drops immediately to
this is not the case. However, the importance of the 0-0.§s kinetic value g, F\) and remains there for the remainder

cm range of overhangs should not be underestimated, eVef} ihe time that the board is in contact with the edge. Perhaps
though It constitutes only f’:\bout 2.%. of the overhang rang&ith improved time resolution, detailed studies could yield
for which tumbling is possible. It is important because thiSinformation on the complex behavior of friction and in par-
overhang range has to occur in almost all plausible accidenfe,ar the velocity weakening and strengthening of kinetic
scenarioge.g., the toast is carelessly bumped off a table topfiction 910 In this regard it should be noted that theeLLA
before tumbling takes place. If toast invariably lands b“tter'modeling program allows for the inputting of variations in
side down when it is accidentally displaced from a table, as

popular opinion would have us believe, then the “usual conk in the form of a graph.
ditions” (initial speed and horizontal positipof the toast as

it leaves the table needs to be established and shown to becKNOWLEDGMENTS
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