
QUANTUM PHYSICS I
PROBLEM SET 1

due September 15, before class

A. Exercise your math muscles

1) compute ii

2) compute eiπ/2

3) find the general solution to

− ~2

2m

d2ψ(x)

dx2
= Eψ(x), (1)

for E > 0.
4) what is the solution to the problem above satisfying the conditions

ψ(0) = 1,
dψ(x)

dx
|x=0 = 0 ? (2)

5) Solve

df(t)

dt
= Af(t), f(0) = B. (3)

6) Solve

d2y(x)

dx2
= Ay(x), y(0) = B,

dy

dx
|x=0 = 0, A > 0. (4)

6) Solve

d2y(x)

dx2
= Ay(x), y(0) = B,

dy

dx
|x=0 = 0, A < 0. (5)

B. All you wanted to know about Dirac’s δ-function and were afraid to ask

We can define the δ-function buy its behavior inside integrals:

∫ b

a

f(x)δ(x− y) ≡ f(y), for a < y < b, (6)

for any well-behaved function f(x) , usually called the test-function. You can assume these test-functions are always
well behaved and go to zero at infinity. Show that

a)
∫∞
−∞ dx(x3 − 1)δ(x− 1) = 0

b) δ(cx) = 1
|c|δ(x) ( Hint: Insert both sides of the equation in the definition of δ above and change variables.)

c) dθ(x)
dx = δ(x) where θ(x) is the step function

θ(x) =

{
1 if x > 0;
0 if x < 0.

(7)

(and θ(0) = 1/2 if it ever matters).
d) What is the Fourier transform of δ(x)

F (k) =

∫ ∞
−∞

dx√
2π
e−ikxδ(x) =? (8)



2

Use Plancherel’s theorem (see text) to show that

δ(x) =

∫ ∞
−∞

dk

2π
eikx, (9)

which is a relation we used in class after a hand waving “proof”.
e) Show that ∫ ∞

−∞
dxf(x)δ′(x) = −f ′(0). (10)

Feel free to assume that f(x)→ as fast as necessary as x→ ±∞.
f) Another way of defining the δ-function is through the relation

δ(x) ≡ lim
α→∞

√
α

π
e−αx

2

. (11)

Show that the result of d) is the same using this new definition. Feel free to exchange the order of limits and
integrations and assume that the test functions are as well behaved as necessary, we are all friends here.

C. Eigenfunctions/eigenvalues of common operators

a) State what the eigenfunctions and corresponding eigenvalues of the position operator x̂ are. Then show that
they form an orthonormal and complete set (if the spectrum=“set of eigenvalues” is continuous, the normalization
condition is

∫
dxφ∗y(x)ψy′(x) = δ(y − y′)).

b) State what the eigenfunctions and corresponding eigenvalues of the momentum operator p̂ are. Then show that
they form an orthonormal and complete set (if the spectrum=“set of eigenvalues” is continuous, the normalization
condition is

∫
dxφ∗y(x)ψy′(x) = δ(y − y′)). The proof of the completeness relation here relies on item B.d) above.

c) Wait one day and then repeat items a) and b). Yes, I’m serious. For no extra credit, repeat this every day of
the week, just after brushing in the morning.

D. Operator wizardry

The momentum operator is represented, in the position eigenbasis, as p̂ = −i~d/dx.
a) Compute

e−i
y
~ p̂f(x). (12)

The exponential of an operator is defined, in analogy to the exponential of a number, by eÂ =
∑∞
n=0 Â

n/n!. Hint:
Keep in mind the Taylor expansion of f(x) and remember the Taylor series expansion.

b) Show that Ψ(x, t) = e−iĤt/~Ψ(x, 0) satisfies the time-dependent Schrödinger equation (assuming Ĥ is time

independent). It is said that p̂ generates space translations (because of item a) and Ĥ generates time translations
(because of item b).


