Quantum Physics 11, Phys402, Fall 2012 Nov. 14th, 2012
Instructor: Prof. Bedaque TA: haizhao@Qumd. edu

Solution #9

Question A: Variational Calculation for the Anharmonic Oscilator

Lse the variational ansatz

Yalz) ~ e (1)
to estimate the ground state energy of the enharmonic oscillator deseribed by the hamiltonian

ﬁz
H = — + Azt 2
am @
Notice that 'm setting |omega = 0 to simplify the problem. Try to repeat the “exact” caleulation of the last week
for the present case with w = 00 and compare it with the variational result you just got.

Answer:
Vo e H = % + A3
Doing simple integral, we get A:(%O‘)%
First we need to make the ansatz normalized: (14| [10q) = 1
The expectation value of H is: < Hy >= (1| H [1hs) = fd:m/g(% + A1),
Given ¢, = (27“)%6*0“2,]5 = ihL we get < H, >= al? | 3

2m 162
Then we minimize the expectation value, &=He= — ()
_ (3mA\1
= Qpin = (452 )3

Substitute back into < H, >, we get H,,;, = %(i’g)%

Next some results from Mathematica are attached to compare our numerically ”exact” result

with this variational result.
Construct the matrices of a, a’', pand x in the unperturbed basis

A= 30

Clear[m, A, w, h]

MatrixForm[ad = Table[If[]+1 =41, Sgqrt[i=1], 0], {i, 1, &}, {j, 1, a}]]:
MatrixForm[a = Transpose [ad]];

MatrixForm [p = -I Sgrt [m hz_m] (a- ﬂd)] ;

HntrixFurm[x = Sgrt [ %] (a+ ﬂﬂ)] i

Verify commutation relation

MatrixForm[a.ad - ad.a];

Werify that the harmonic oscillator hamiltonian is right



p.P we
Hatri:Furm[ 2_ +m ? :.x] ]
m

Compute the lowest eigenvalue for the anharmonic oscillator {in the basis of the harmonic oscillator with frequency w which I take
to be w=3 since the energy should not depend on it for large enough A )

m=h=1; w=3;

p30w3 = Listl‘lut[{

Table H}l, E.tgﬂnvnlues[ﬁ = E +* I:ZI:n‘:l:l?2 x.x+}tx.x.x.x] [[A]]}, {A, O, 20, 0.5}]

}, PlotStyle = R&d]

Clear[m, w, h, A]

15k L
Lof h
05"
L L 1 L 1 L L L L 1 L L 1 L 1 L L L L 1
5 0 15 20
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Compare "exact” result with variational calculation

m=h=1; w=3;

ListPlot H

P-P w?
TahleHA, Eigﬂn\ralues[ﬁ = 2— +0m ? :r..xd-Ax.x.x.x] [ [£] ]}, {A, O, 20, 0.5}] :
m

Table[{A, Evariationall, {A, 0, 20, 0.5}]

}]

Clear[m, w, h, A]

Question B: Variational Method fro Excited States

Prove the following generalization of the variational principle: the first excited state is the normalized state orthog-
onal to the ground state with the smallest value of {the expectation value of) the energy. Use this result to estimate
the first excited state of the harmonic oscillator. It s up to you to make a good ansatz so different people will have
different solutions to this problem. How does your estimate compared to the exact solution?

Answer:

First let’s write ¢ in the terms of energy eigenfunctions 1)) = > ¢, |¢,), and > |c,|* =
The ground state |1)y), is orthogonal to ¥. We have (¢| [1)) =0

The expectation value of H, (¢| H |¢) = > ¢ cn (V| H |) = > ¢k en (W H |Y0) = ¢ cnbmn (V| H [¢) =
S len|?En > By = B

Try the ansatz: ¢, = Aze=**". From normalization, AzQ(%)%.

The expectation value of the first excited state:

< By >= (o] H |tha) = A% [ dzae™ (- 2}1; 829252  mele?ype—ao? 3o | Sme

According to variational method, we minimize the expectation value, % =0

= Qynin = UL

In fact our ansatz is from the wave function for the first excited state so that we get such an
good estimation.

Question C: Feynman-Hellmann and the Expectation Values of 1/r and 1/r?
in Hydrogen Atom
Answer: /Griffth 6.32(a)
Feynman-Hellmann theorem states 222 = (¢,,| 2 [4),,)
We know Ey = (| H[¢). Then 55 = (] G [n) + (G5 H ) + (ul H|G3) =
(¥l Gy [¥n) + Engy (Ol [¥n) = (¥l G5 [¥n)




Griffth 6.33

(a) Use A = e in the Feynman-Hellmann theorem to obtain < 1/r >.
OBy _ —me® — 4By

Oe 87r26(2)52(jma$+l+1)2 e
OH __ 2e _ 4E, __ —2e
S¢ = — e Feynman-Hellmann theorem then becomes =2 = (| ;=25 |¢)y,)
2
—< 1 >= L where q = 4r0l”
T an me 4 9E
: OFE, __ me _ __2E,
(b)Using the same way, % = 2 s T =
OH __ h2(2141)
ol 12m7‘2 1
:>< 77 >: —a2n3(l+%)



