
Lecture 3 Summary 
 

Classically the electron Kinetic Energy can be written as 
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is the radial component and is the perpendicular to radp ⊥p rr  component of momentum.  
The total kinetic energy is made up of a radial part and a rotational part.  This becomes an 

operator in quantum mechanics: 2
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T rad += .  Comparing to the Schrödinger 

equation separated into radial and angular pieces we see that the angular momentum 

squared operator is: 2
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hhL .  The angular equation part of 

the Schrödinger equation for the Hydrogen atom can be written as an eigenvalue 
problem: , with eigenvalue and eigenfunctionY . YYL α22 h= α2h
 
 The angular equation, after introducing the separation constantα , becomes: 
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using )()(),( φθφθ ΦΘ=Y and a separation constant .  This yields two 22m nd-order linear 
ordinary differential equations: 
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The latter equation has solutions of the form , where m is equal to zero or a 
positive or negative integer.  The correct argument to show that  can take on only 
positive or negative integers, or zero, will come later when we study the angular 
momentum ladder operators. 
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The equation is simplified with the change of variables Θ θcos=x and 
)()( θΘ=xy to yield the associated Legendre differential equation: 
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From a series solution ansatz one finds that the infinite series must be terminated to keep 
the solution finite at  (1±=x πθ ,0= ).  The resulting general solution is the associated 
Legendre function .  However to recover this finite solution it is required 
that

)(xPm
l

)1( += llα , where is either zero or a positive integer.  One finds from inspection 
of the associated Legendre function that is zero unless

l

m≥l .  Another solution to this 
equation is discarded because it diverges at 1±=x  ( πθ ,0= ) no matter what is done (see 
Griffiths [4.4]). 

The final result for the original angular partial differential equation is the 
‘spherical harmonic’: 
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where and ,...3,2,1,0=l m≥l .  The spherical harmonics are orthonormal in angle-space: 
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In other words, the inner product of these two functions on the unit sphere is either zero 
(if either of the two indices 'or is different), or equal to 1 when they are the same 
( and ). 
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