Problem 3.32

U(zx,t) = %(‘wle—iE’:t/ﬁ + %e—iﬂ'zl/’l); (\Il(.‘t' t)lq’(I,O)) =0=5

%(eigll/ﬁ(¢1|¢l) +eiE]l/ﬁ(¢’1|¢’2)+eiE2(/ﬁ(%|¢,l)+eiE2t/ﬁ("b2|¢‘2>)

_ %(e.-su/r. +eFat/R) — 0, or eEat/h — _iE1t/h o gilBa-EOU/R _ _| _ gin,

Thus (F; — Fy)t/h = = (orthogonality also at 37, 5m, etc., but this is the first occurrence).

t h 1 h
s = BwAE=on=g(E;— F) (Problem 3.18). So AtAE =5 v

sOAt 3




Problem 3.37

First find the eigenvalues and eigenvectors of the Hamiltonian. The characteristic equation says

(a—E) 0 b
0 (c—-E) 0
b 0 (a—E)

=(a—E)c-E)(a-E)-t*(c—E)=(c—E)[(a— E)}* -] =0,

Either E = ¢, orelse (a — E)> =¥ = E =a<b. So the eigenvalues are
E,=c¢, E;=a+b Ez=a-—b.

To find the corresponding eigenvectors, write
alb [ «a
OcO){B)=Ea|B])-
bOa ¥ ¥

ax+by=ca= (a—cla+by=10;
cf =cff (redundant) = [(a—c)2 —bz]a =0.
ba+ay=cy= (a—c)y+ba = 0.

(1)

So (excluding the degenerate case a — ¢ = +b) a = 0, and hence also v = 0.
(2)

aa+by = (a +ba = a—v=0;
B=(a+h)p = B=0;
ba +ay = (a+b)y (redundant).

Soa=+and §=0.

(3)
aa + by = (a — bla = a+y=0;
cB=(a—b)p = B=0;
ba +ay = (a—b)y (redundant).
Soa=—yand §=0.

Conclusion: The (normalized) eigenvectors of H are

0 1 1 1 1
=) =5 0) =g (0 ).

(a) Here |S(0)) = |s1), so
0
IS(t)) = e~ Ert/h|g ) — | g—ict/h (1) ‘
0

(b)

IS(0)) = %um +]ss)).

1 1
IS(e)) = %(e—iEzt/ﬁl‘qz)+e—iEst/ﬁ|83)) :% I:e—i(ai-b)l/k% ((l)) +e—i(¢—b)l/h% (01)]

_ e~ ibt/h | gibt/R ) cos(bt/h)
e—w!/ﬁ 0 = e—lal/ﬁ 0 .
e~ibt/h _ gibt/h —isin(bt/h)

3] =




Problem 3.38

(a) H:
1 0 0
By =hw, By =FEy=2ho; )= (0], lha)=[1], |ns)=[0].
0 0 1
A:
-a A 0
A-a 0 =a’(2A—a)— (2A—a)A’=0=>a; =2\, az = A, as = —A.
0 0 (2A—a)
010 o a AB = aa
Al100 Bl=al|B]|=> Aa = aff
002 Y vy 2\y = ay
(1)
AB =2\ = 8 = 2a, 0
/\0:2/\5 ﬁa:?ﬁ. a:’J:O |ﬂ1)= 0 .
2\y = 2\y; 1
(2)
A=A = 8 =a, 1 1
Aa =73 = a=3, laz) =—= | 1].
2y = Ay; = v = 0. 2 \o
(3)
AB:—AaﬁB:—a, 1 1
Aa = —/\ﬂ 2> a= —5. |a3):—' -11].
2y = -Ay;=> y=0. V2 0
B:
(2u—b) 0 0
0 —bp|=b*@2u—-b)—(2u—bp*=0=[b =2, by=p, by=—p.|
0 p —b
200 a a 2ua = ba
pl001 gl=b|8]|=> py = b3
010/ \v v B = by
(1)
2pa = 2pa, 1
py=2puf = 7=28,) B=7=0; ||)=|0].
[13:2}17 :),3:2‘)‘; 0
(2)
2[10:,“] ﬂQ:O.} 1 (0)
wy =pp = v =4, b2y =—={1]-
nB=pr,=>p=1. vz
(3)
2ua = —po = a =0, } 1 (O)
wy = —pf = v = -p, bs)=—%{ 1 ]-
B =—pr, = B =7 V2




(b)

100 (5]
(H) = (S(0)|H|S(0)) = hw (c} 5 c3) (0 2 0) (cz) :|fw(|c.|2 +2|es? +2|c3|2).|
002/ \es

010\ /e
(A) = (S(0)|AIS(0)) = A(c} 5 3) (1 0 0) (cz) =|A(c;c2+c;cl +2|cs|2)-|
002 C3

200 (5]
(B) = (S(0)|BIS(0)) = p (e} < c3) (g 0 (1)) (C‘z) =1 @ler? + ces + c3en) |

C3

()

[S(0)) = e1lhy) + e2lha) + eslhs) =
|S(t)) cle_‘E"/"|h1) + cze_iE"/F‘|h2) + 036_‘5"'/"|h3) = 167" h,) + cre™ 2t hy) + cge 2wt hg)

' _ 1 0 0 . et
et fo et o] +ea 1) +esfO]) | =|e 2t c2 .
0 0 1 C3

H: [hy = hw, probability |e1[%; ha = hs = 2hw, probability (|esf* + |es]?). |

n

iwt
A (@1lS(0) = (00 1) ( o ) = e ¥%cy = [probabiliy [csf”.
C3
1 e 1
— 2wt - —iwt it
a; = A,| (az|S(t)) =€ 7 (110) i: = —ﬁe (1™ +2) =

1 ; ; 1 i i
probability = 3 (cte ™ +¢3) (c1e™t +2) = 5 (le1]? + |ea|? + c}eze™™* + c3c16™Y) .

1 o™ 1
(a3|S(t)) — E_Ziwtﬁ (l -1 0) Ca = ﬁe—ﬁul (cle“"‘ - Cz) =

Cs

1 . . | ) )
probability = = (cte™™t —c3) (cre™t — ) = B (ler|® + |e2|? — cieae™™*t — chere™t) .

Note that the sum of the probabilities is 1.

iwi
B: (B1|S(t)) = e ** (1 0 0) ( e ) = e e, = | probability |e; |2
C3
7 1 Cleiut 1 7
lS@) =e 011 | @ |=—me (a+ea)=
2 Fou 2
.qe 1 - . 1 2 2 . .
probability = 3 (e} +e3)(er+e2) = = (lea]* + |e2|® + ciea + c3e1)
7 1 cleiul 1 4
by = —p,| (bs|S(t)) = e_zmﬁ 1-1)f e | = 7,3‘3_2”' (2 —c3) =
2 = 2

212 l . 1 . .
probability = 5 (e3 —c5)(e2—e3) = 3 (|¢‘2|2 + |‘—‘3|2 — C2C3 — Cacz) .

-

Again, the sum of the probabilities is 1.



Problem 3.39

{a)
3
L . B 1 nfd
Expanding in a Taylor series: f(x + xp) = "E=O %o ( ) flx).
hd d ip = 1 ip\"™
. = . T O I — eipzo/h 1
But p = T =TT Therefore f(x + xp) '?:D — %0 (h) f(zx)=¢€ flx)
(b)

U(x, t+1tg) = Z %zg (%) W(x,t): ih% = HV.

n=0

[Note: 1t is emphatically not the case that ih% = H. These two operators have the same effect only when
(as here) they are acting on solutions to the (time-dependent) Schrodinger equation.] Also,

(ihﬁ)zw_m_(ﬂ\p)_ (n"_‘l') H*W,

ot ot
provided H is not explicitly dependent on £. And so on. So
~ . n
Vir,i+i) = lt"/ 1H) W =eHo/by(p p)
(trt)=) 56| -3H) ¥= ().
(c)

(Qesey = (¥(z,t + 10)|Q(z, p, t + to) [ ¥(z, t + to)).

But W(z,t + to) = e *Hto/Ay(z t), so, using the hermiticity of H to write (e“”"’/")i = gifita/h

(@esto = (¥(z.0)|e™/HQ(z, p.t + to)e™ /MW (z, 1)).
If t; = dt is very small, expanding to first order, we have:

@+ %Q)dt = (¥(z,8)| (1 + ﬂdz) [Q(I, p.t)+ %m] (1 - ﬁaz) W (z, 1)

v

*

[* =Q=p0)+ %‘”Q - Q(%‘“) + %dt =Q+ %[H,Q]dt + %dt]
= Qe+ 3 (1H, Q) + (2)at

249 _ Lo g+ (32). qep

&
Bl



