PHYS401 Quantum Physics I - Exam 1 Spring 2012
No books, calculators, or notes Name: So l V’h D~

1. Solve for the most general solution to the following linear, ordinary differential
equations. (A, B, and C are fixed positive constants.) (1 pt each)
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2. The classical wave equation is
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No boundary conditions:
a) Convert this partial differential equation of two variables into 2 ordinary
differential equations: one for ¢ and one for x. (3 pts)
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b) Find the most general solutions to both equations and write the full solution for
fix,t), subject to a specific choice of initial conditions. (3 pts)
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¢) Show that your answer _in part (b) is consistent with the “d’Alembert”
solution f(x,t) = f(xXct). (1 pt)
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3. Fixed boundary conditions: Reth Cosk,x
a) If a string is held fixed at fix=-L/2,t)=f(x=+L/2,t)=0, solve for all the and  Sink,X
eigenfunctions and discrete eigenvalues of the x-dependent equation from §, 4\7‘47 Bls v/
problem 2(a) for —-L/2<x<+L/2. (3 pts) Cocrect Kk,
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b) If the initial conditions are f{x,0)=x) and df/dtl,—o=0 , determine the full solution
fix,1). (4 pts)
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4. Periodic boundary conditions and finite differences
a) Using the “limit” definition of the derivative,
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write the x-dependent differential equation from problem 2(a) in the finite-
differences approximation at x;.
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b) Suppose a string is shaped in a loop. If we discretize the X

loop into just 4 segments at x;, X», X3, and X4, each of f \’
length Ax, use your answer from 4(a) above to explicitly
write down the four corresponding finite differences 4 2
equations. NOTE: Since the boundary conditions are

different, this problem is similar to, but not identical to X
the string between two fixed points discussed in class! In

particular, every segment is connected to two others (not

true for the endpoints of the string with fixed B.C.s we treated in class) (3 pts)
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c) Write the four equations from 4(b) in matrix equation form HX=A4X, where X is
the eigenvector of matrix H, and A is the corresponding eigenvalue. Show that the
matrix H is Hermitian. (2 pts)
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d) By analogy with the expected normal modes of the string, use your intuition to
') guess the form of the four eigenvectors of this matrix by plotting them. (2 pts)
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e) Show that the vector X = A |

is an eigenvector of H. What is its &Qesponding

-1

eigenvalue? (2 pts) Normalize X and determine the value of A. (1 pt)
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