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(Un - up) = A? f | cos (nmx/L)? dx = A f . Mdm AL =
So A= 1/f

(Un * Um) = T ffL cos (nmx/L) cos (mmz/L) dx

= %ffL i (cos (W) + cos (m)) dx = 0 for n # m.
Therefore (uy = Um) = Fnm.-

2.
f (z) = —2%+1 is an even function of 2 so only Fourier cosine terms survive.
f(2) = 2ao+>.07, ay cos (nrz) with a,, = fil f (z) cos (nwz) doe = 745;7132 . (integrate by part twice)

31/) _’> - ﬁ f)\ef"'/aef’”;i"d?’r — ﬁ fdrd@d(bT’Q Sineeir/aefikrcose

ik fdrre r/a ( ikr _ efikr)
/\ 3k a3 .
27277)73 ik ( 1i2‘12k2) ) = ﬂ2(1+‘;2k2)2 . (integrate by part)

If k£ > 0, then close the contour in the upper half plane. (the pole is ia)
1 (oo 1 ik _ 1o ekl _ 1 _k
27 J—o0o z2+a2 e dr = EQ’H—Z (EQia ) - %6 ¢

If k£ < 0, then close the contour in the lower half plane. (the pole is —ia)

1 [o© 1 ke g._ 1 o [ etR(mie) cka
27 J—o0 x2+a26 dx = 21 (—27’(’2) ( —2ia - 2a .

1 ikx _ —|kla
Therefore2 f o ez e e = 2ae :

5.

(1) e* = et = e% (cosy + isiny) = (e cosy) + i (e*siny) = g + ih

It satisfies Cauchy-Riemann condition at all points in the complex plane.
09 = €* cosy = Oyh,0yg = —e®siny = —0zh. So €* is analytic at z = 0.
() Lot £ (2) = V.S (20) = limae o Lt

f! (0) = lima,_o w
If we choose Az = Az, f' (0) = lima,—o \/% = 00. (approach the origin from real axis)

= lima.—o \/E .

If we choose Az = iAy, f' (0) = limay—o ﬁ = %oo. (approach the origin from the imaginary axis)
The two limits are different. Therefore 1/ is not analytical at z = 0.

6.
F( = 5= f_ zwtdt H( ):% joooh(t)ei‘”dt.
JZ (w) *“"tdw = () [ dtr [22 dbaf (b) b (t2) [72, dwei(t=t1tt2)

(Qi) X dty [T dtaf (t1) h* (t2) 270 (t — t1 + t2)
Qif de (t1) h*(t+7')



7.

i () e = 3% (1) e g ([ S g % )
r_1
2

612

= —42mi (3) res | ] — $2mi (—3) res [6*2271]
= —imi(2i) — smi (20) =%

Note when calculating ffooo %dw you will close the contour in the upper
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e—i2e_q
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half plane (limzﬂioo e = 0). When calculating f:x;o dx you will close

the contour in the lower half plane (lim,_._;o e *?* =0). The (+3) factor is

because you detour around the pole at z = 0 with counterclockwise/clockwise
half circle .

8.

¢ (@) = 55 [, & (k) ehrdh, 6 (x) = 5 [7, e*odk.
Inserting these to the diffusion equation, you will get (Dk:2 + K 2) o (k) =Q.

_ 1 [>® Q ike j3, _ Q@ 1 [© 1 ik _Q 1
¢(x) = o f_oo ((Dk2+K2))ez Tk = % 5= f_oo k2+(K/\/5)261 Tdk = D 2K/VD

(From Prob.4)

e_lz‘K/\/B.



