Homework10

1.
Evaluate the integral I () in the Cartesian coordinate so that I (¥) can be
the product of three independent inegrals:
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where 12 = 22 + 3% + 2°.
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Note the Gaussian integral [~ e’ tbrgy — | /rlaeta.
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2. Cosider two boundary conditions :
(a)t<t,Gtt)=0,Db)t>t, Gt)=0

(a)
Fort <t, G(t,t)=0
Fort > t', dG(”) +BG () =0,G (t,') = Ae=Pt

t'—e t'—e

For t ~ t/, t+6dt<3G(tt)+6G(tt)> Ve s (t— 1),

Gt +et)—G{H —e,t')=1,4e7F" —0=1,4=¢""
Therefore, G (t,t') = A =t)g ' —1).

(b)
For t >/, G (t,t') =0
For ¢ < t/, 8G(”) +BG (t,t) =0,G (t,t') = Ae =Pt

aG(tf)
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'+ t'+
For t ~ t/, Edt< +6G(tt)> = [, Cdts(t—t),

Gt +et)—G{H —e,t')=1,0—Ae P =1, A = -
Therefore, G (t,t') = G )9( t').
Then g (¢,¢') = eﬁ(t'—t) 0t —t)— ( A=) (¢ — t’)) = A1)

It satisfies ag(at;t) + Bg (t,t') = 0.
Note: O (z—y)=1ifx >y, 0(x—y)=0if z < y.

3.
Using separation of variables: let ¢ (z,y ) = X (2)Y (y) and insert it into the

Helmholtz equation. (j;@Y( )+ X (z) & Y(y) + k%X (z)Y (y) = 0. Divide it

a2 X (2) d2v<y) d2v<y>
by ¥ (x,y) : f(ifi) =5t — k? = —k2, Y = = —(k* —k2) = —k_. The so-

lution for these two equations will be X (z) = Acos (kyz)+ Bsin (kzx),Y (y) =
C cos (kyy) + Dsin (kyy) . The coeflicients are determined by the boundary con-
ditions X (0) = X (L) = 0,Y(0) = Y (L,) = 0. You will get A = C =

0,k;Ly = ngm, kyL, = n,m where n, and n, are integers. Therefore the nor-

mal modes will be ¢ (z,y) = Esin (k,z)sin (k,y) with k, = 3%k, = ”Lyjr

and k* = k2 4 k.. Here E can be determined by normalization condition




L, L 2 . 9
d vd , = 1 and yo 1l get £ = . Therefore the nor-
fo xfo vy (2,y) 2n you will g Vi, refor nor

mal modes are ¥ (z,y) = i sin (kpx) sin (kyy) .

4.

Now prove fo fo U im (7 @) Uname (1, @) drdr = Cp1n20n,n20mime where
Upm (7, @) = (lc(m)r) e’™? and Cp1n2 is a constant depends on nq and m;.

For "™, 0% e”imi—m2)dde — 216, 1ma.

For Jin (k,(f") ) start from the Bessel’s equations with k(™ and k()

(@) I (W17) + g (R7) + (K% = 22) g (K7) =0,

() 7 T (K5'0) + g (K5 7) + (KB = 22 g (K57) = 0.

Multiply (a) by Jm( ,(12%) and (b) by Jin (kfj{‘)r) and subract : Jp, (kfg)r)( )—
T (K7) (8)

T (KB7) (v et (K07) + g (B0 ) ) =don (K7) (v i (K507) + T (K37) )

= (K572 = K2 ) g (K7) T (RS
T (K50) 2 (ks (KS7) ) = i (k,([;”r) (vt (K3'7))
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Integrating from r =0tor =R :

fOR Im (kfg”)r) 4 (rd%Jm (knl 7‘)) dr— fo ( n1)7"> 4 ( (an r)) dr
- (kﬁg — kﬁﬁlﬂ) fOR rdm (kfgl)r> Im (kn2 7‘) dr.

Upon integrating by parts

RHS=[Jon (k57 7 T (kfff)r)}o o (BS507) i (v (kfg)r))}o =
(m) k

nl n2 are roots

0 because r guarantees a zero at the lower limit » = 0 and &
of Jy,, that is, J, (k(m) R) =0.

nl/n2
Ls= (k5" = k52) f g (K07) o (6037 ) dr = 0.
If m # n, fOR rJm (kf[f) ) I <k:7($)r> dr = 0. This gives us orthogonality
over the interval [0, R].
Now we have proved fo% e~ mi=m2)d g — 78,1 mo and fOR rdm <k(T)r> Jm (k(m)r) dr =
C’dp1n2 where C’ normalized constant. Therefore, fo fo Wi (7 @) Unama (1, @) dprdr =
Cn1n20n,n20mima.

5.
Expand a function f (r,¢) in terms of wyy, (1, ) :

F(r @) =30 AamUnm (1, ¢) where wym, (1, ¢0) = Jp, (kﬁm)r) etme,



Using the orthogonal relation in problem4. fOR 027r u* (7, @) Unama (7, @) dprdr =

nlml
2T

R
07117125n1n26m1m27 we can get dnm = C’V];m fo 0o Unm (T’, d)) f (’)", ¢) dd)Tdr- Insert
this into f (r,¢), we will get

.f (Ta ¢) = an (ﬁ foR 027T u:m (Tlv ¢,) f (7"/, d),) d¢/T/dT/> Unm (7‘7 QS)
= J3 o de T dr [ Y, Gt (12 0) i (1 0)| £ (1, 0)
Therefore, >, Cl W (7, 0) U (r,0) = 26 (r =77 6 (0 — ¢') .




