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Sum Rule for the Optical Hall Angle
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We consider the optical Hall conductivity of a general electronic medium and prove that the optical
Hall angle obeys a new sum rule. This sum rule governs the response of an electronic fluid to a Lorentz
force and can be thought of as a counterpart toftkeim rule in optical conductivity. The physical
meaning of this sum rule is discussed, giving a number of examples of its application to a variety of
electronic media. [S0031-9007(97)02494-0]

PACS numbers: 78.20.Ls, 72.15.Gd, 74.25.Gz, 76.50.+¢g

The optical Hall conductivity is a new experimental that links the real and imaginary parts of a response func-
probe [1,2]. Like the optical conductivity, by extending tion to a spectral function. Normally, an explicit spectral
Hall conductivity measurements into the microwave anddecomposition of the response function is used to show
far infrared, it should be possible to extract a host of newthat a Kramers-Kronig relation exists. Unfortunately, this
information about the properties of electronic systems iris not possible for the ac Hall angle, which determines
a magnetic field [3]. Electronic systems where this probdéhe response to an injected current rather than an applied
might prove particularly important are the cuprate metaldield. If an injected currentj,(w) = o (w)E,(w), is ap-

[2], type Il superconductors [4,5], and the integer andplied to a material, the transverse Hall current is given by
fractional quantum Hall systems [6]. (Fig. 1)

A powerful tool in the analysis of the optical conduc- . _ _ .

tivity is the f-sum rule [7] Jx(@) = oy (w)Ey(w) = tn(w)jy(w). (4)
“do ) To prove the existence of a spectral representation of
2/() o (@) = €ow,, (1) the optical Hall angle, we shall appeal to its analyticity.

. . Sufficient conditions forty(w) to satisfy a Kramers-
whereo /. (w) is the real part of the conductivity ana,  kranig relation are (i) that it is analytic in the upper-
is the plasma frequency. The distribution of optical specy it complex plane and (ii) that it vanishes at least as
f[ral welght in an electronic medlum gives us important, g asl/w at high frequencies [8]. Since;(w) is a
|nformat|on about the undgrlylng physics. In this Paper.quotient, its analyticity requires that,,(w) has no zeros
we mtrgduce a corresponding sum rule for the analysis of, the upper-half complex plane. This follows from a
the optical Hall angle. The optical Hall angle, general theorem [8] that a generalized susceptibitity)

Ty (@) ) can only take on real values along the imaginary axis
oun(w)’ w = iy, where it varies monotonically from its value

whereo,, ando,, are the optical and Hall conductivities, & @ = i6 to zero atw = i». |t follows that causal
respectively, and can be measured directly in optical
transmission experiments [1,2].

We shall show that this response function obeys the -
sum rule fos Tomec,

“dw
2 [ 22 ) = on, @

where the Hall frequencwy is unaffected by interac-
tions, and in the absence of a lattice corresponds to the
bare cyclotron frequencys, = eB/m. This sum rule
governs the retarded response to a Lorentz force. The way
in which the corresponding spectral weight redistributes
enables us to make some important qualitative distinctions
between normal metals, superconductors, cuprate metals, ’
and quantum Hall systems. /J:r'
Sum rules are a statement about the asymptotic proper-
ties of a response function. A key element in the proof ofF|G. 1. Illustrating the Hall responsg (w) = ty(w)j,(w) to
a sum rule is the existence of a Kramers-Kronig relatioran input current pulse.

tH(a)) = tanﬂH(w) =
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response functions have neither polesr zeros in the wgy/(—iw), where

upper-half complex plane. The ratio of conductivities 20, (2) <[}~ WD
tn(w) = oy (w)/ow(w) is consequently analytic (with iog = lim == = (12)
no zeros) in the upper-half complex plane. We shall e Qi (2) €owp

shortly use microscopic considerations to show at highthe plasma frequency of the medium is given by
frequencies

I|m [—iwtg(w)] = vy, (5) eoa) <V2 H[A]> = (62/2)2Tf(m_1)<”p> (13)
where wy WI|| be given an explicit form. Using the B 5 _ .
Kramers-Kronig relation, it then follows that [8] where [m; '] = Vape; is the effective mass tensor.
| % Provided that the magnetic flux per unit cell is far less
tg(w) = —.P[ dx ty(x). (6) than a flux quantumi/e, we may use a weak field
o LS e Fx — ) _ approximation to[ j,,j,], obtained by linearizing the
Multiplying (6) by —iw and takingw — o, we obtain velocity operator
1 * - - 1, R
on =~ [ aetyo). ™) B = Un tmy' - po). (14)
The sum rule follows with the additional information that wherej = p — eA. Since[j,. j,] = —ieB., it follows
the real and imaginary parts of;(x) are even and odd that —i[v,,v,] = (eB)det(mgl). Writing j = e X
functions ofx, respectively. , A U473, We obtain the operator identity
To complete our proof, we now derive an expression’ ”
for wy. Consider a system of interacting electrons  _.r3 11— 3Bdet(m="Yi- + O(B3). 15
described by the Hamiltonian Ly ] Z[e (m5 )15 (B) (15)
H[A] = Zeﬁ_e;‘ﬁ[; + ..., (8)  Combining (13) and (15),
> =179/
7 oy — eB 2.5 detlmj; " 1<np) (16)
whereij; = gb;fgb;, is the number operator at momentum % P Tr[m;1]<ﬁ[‘,> '

P, A is the coarlse-gramed vector potential, gndv) For a parabolic band, (16) reverts to the free cyclotron
is the electron kinetic energyH[A] may contain any

qditional int tion t ; i ttering ¢ frequency w,. = eB/m. Since all electronic systems
additional interaction terms or impurity scattering erm.saare ultimately derived from a system with a quadratic

as long as these terms do not involve the vector potent ispersion, this is an exact result, but recovery of the full

and thus do. not modlfy the current operator. Let us talk%pectral weight requires an integration over all interband
the magnet[c_ﬁeld to !|e along the dlrec_:t|on,' assuming - yansitions. The usefulness of the sum rule derives from
the conductivity to be isotropic about this axis. Using the the fact that, when the bands are well separated, an
Kubo formula, the conductivity tensor in the basal plan €affective sum rule applies to the lowest band.
can be written in the formo,,(0) = Qu(w)/(—iw), Physically, the Hall sum rule is closely related to the
where o short-time response of Hall currents. To see this, one
Qup(®) = €w,8ap — i{{ ja(®), jo(—w)])). (9  should suppose that a small pulse of currgrit) is
The first term describes the instantaneous diamagnetipjected into a material. The induced Hall current is given
response. The second term involves the current operat®y (Fig. 1)

j=e2; ¢ vs_,ip, Where 5 = V;e; defines the ) .
velocity operator Carrying out a spectral decomposition Jelt) = . di'ty(t — 1)), (1), (17)
of the current-current correlation function, one obtains [3] i )
i1 where ty(t — t') is the Fourier transform ofty(w).
i{[ja(w), jp(—)]) = | — 0 (x), Sincety(w) ~ wy/ — iw at high frequencies, it follows
T W = thatty(t — ') ~ wyg®(r — ¢') at short times. In other
words, during a short current pulse,
" (x) — 77_(1 o e*,Bx)ZeﬁB(ngﬂ) g N p !
17 dj/dt = —wyz X j. (18)
X (¢ljal 1) AL 1) This is nothing more than the precession of the current in
X 8(x — E; + E)). (10) the magnetic field. wy is thus identified as the effective

cyclotron frequency for the electron fluid. Reflecting this

conclusion, the general expression & is dominated by

5 A A contributions far from the Fermi surface, and we expect
Quv(2) = €0@,8ap + (LJarjsD/z, (2l =), (1) it to pe only weakly temperature dependent. Suppose

so that, at high frequencieg;(w) = Q,y(w)/Q.(w) —  the system possesses a Fermi surface whegre- 1 far

It follows that the asymptotic high-frequency behavior is
given by [3]
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inside andn, = 0 far outside. To extract the dominant 8 o, [T -1
contribution towy, we restrict the integrals within each SULUEY
Fermi surface sheet and sgf = 1. Both integrands are b0 T

total derivatives, || T,

det[m='1= 3V X [(& X V)i, ' A
[_Iil] Al [( )] Ly -1
Trlm; ] =V - a, (19)

where @ X b = e,pa,bp denotes the two-dimensional A
cross product,z denotes the component of the group i
velocity in the x-y plane, and(Vi),, = m,,. This
enables us to rewrite the Hall sum rule as a ratio of Fermi |
surface integrals,
_ erdpz fFS l _>)< df;
fdpz fFS ds - u
Here, FS denotes a line integraJ around all sheets of the
Fermi surface at constant,, dS denotes the surface
increment that lies perpendicular to this linéy = dk. ]
Vu is the change in: along the line, andSe/er is the !
ratio of the smearing of the Fermi surface to the Fermi [ 'a
energy. The numerator is readily identified as twice the
area swept out by the Fermi velocity vecioin passing
around the Fermi surface. A variant of this expression has H| |
been obtained by Ong [9] using the Boltzmann transport
theory. 0
We now illustrate the qualitative implications of the
Hall sum rule using a few physical examples. In the case
of a simple metal, the transverse optical conductivity in a
magnetic field is given by () (d)
ne? 1 FIG. 2. Contrasting the optical conductivity and the optical
— (21) Hall angle in (a) a simple metal, (b) a cuprate metal, (c) a
superconductor, and (d) a quantum Hall fluid. The supercon-
so that the optical conductivity is peaked at the cyclotrorductor displays condensation in the dynamical conductivity,

frequency. Remarkably, these poles do not enter the Hal?® quantum Hall fluid displays a condensation in the optical
resnonse Hall angle at a Hall plateau which periodically broadens into a
P ’ Drude peak between plateaus.
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th(w) = ; (22)

I's —iw
which has the same form as the zero field optical contemperaturd’y « T2 [11]. This controversial interpreta-
ductivity [Fig. 2(a)]. The Hall spectral weight is peaked tion follows naturally from a Hall sum rule, in a fashion
at zero frequency and is independent of carrier densitythat is independent of the microscopic physics. A de-
In this case, the Hall constaR;(w) = ty(w)/o. (@) is  finitive measurement of the quadratic temperature depen-
frequency independent. dence of the Hall decay rate would constitute a striking
An intriguing exception to this behavior is found in the confirmation of the power of the Hall sum rule [Fig. 2(b)].
normal state of the cuprate metals. Unlike conventional As a second application, consider a type Il supercon-
metals, transport measurements indicate hat~ 27,  ductor with a pinned vortex lattice. In a superconductor,
but dc Hall measurements show tHabtfy] ~ T2 is a  the optical conductivity condenses into a zero-frequency
quadratic function of temperature [10]. Since the dc Halldelta function peak. However, the same condensation
angle scales ak/T?, the sum rule tells us that the Hall re- does not take place in the Hall angle because, unlike
laxation ratel'y is a quadratic function of temperature conventional currents, super currents cannot precess in a
'y =T?/W and that, furthermorepy, ~ 1/(I'wy). magnetic field: The deflection of a supercurrent requires
This multiplicative combination of relaxation rates is un-a sideways movement of the flux lattice. Hsu [12] has
precedented and does not fit into a conventional pictureomputed the Hall response of a pinned flux lattice and
of normal metals. Based on this observation, Andersomas shown that it is shifted to the flux lattice pinning fre-
has conjectured that the Hall currents are subject to aquency [Fig. 2(c)], as observed in recent experiments on
autonomous decay process that depends quadratically &fBCO [13]. Perhaps the most important property of the
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sum rule in this respect, however, is that it does not dequalitative application to metals, cuprate metals, BCS
pend on temperature or the thermodynamic state of theuperconductors, and quantized Hall systems, we see that
system. Despite the radically different physics of the vorthe optical Hall angle may be thought of as the transverse
tex lattice and the normal state, the Hall sum is identical. analog to the optical conductivity. Like thesum rule of

As a final example, we consider the Hall response othe optical conductivity, the corresponding Hall sum rule
a two-dimensional electron gas in a high magnetic fieldis independent of detailed microscopic physics, making it
When the quantized, or fractionally quantized Hall groundof great utility in the qualitative analysis of the magneto-
state develops, the conductivity (21) is qualitatively modi-optic response of electronic systems.
fied, leading to the quantum Hall effect in the dc response: We thank R. Shankar, A.J. Schofield, V. Yakovenko,
0w =0, oy, = ve’/h, Where v = p/q is a rational and S.C. Zhang for discussions related to this work.
number with an odd denominator. However, the oscillatofThis work was supported in part by the National Science
strength sum rule is still dominated by the polescat ~ Foundation under Grants No. DMR-93-12138, No. DMR-
What happens to the Hall angle? Like an insulating92-23217, and No. PHYS94-07194 during the course of a
dielectric, the optical conductivity at a Hall plateau stay at the ITP, Santa Barbara.
vanishes linearly with frequency,(w) = a(—iw) at
T = 0 [14]. This implies that the ac Hall angle has the
form

1 [(ve?

th(w) = o <E> (23) [1] S. Spielmaret al., Phys. Rev. Lett73, 1537 (1994).
i.e., the Hall angle response has condensed into a delt#! S-G. Kaplan, S. Wu, H.T.S. Lihn, D. Drew, Q. Li, D.B.
function. Assuming all the Drude weight condenses, then ggg"(igg‘]é;“a Phillips, and S.Y. Hou, Phys. Rev. Lé€.
ti(w) = w./(—iw), anda takes its minimum value = : . .
ve?/hw.. From this qualitative reasoning, we clearly see =] E"ei' fohzs(’)t& (I?L.;é;hralman, and R.P. Singh, Phys. Rev.
how a quantum Hall system dt = 0 is the transverse [4] A A.ron,ov, S. Hikami, and A.l. Larkin, Phys. Rev. Lett.
counterpart to a superconductor. In a superconductor, the ~ g4 gg (1990).
longitudinal current accelerates in response to an electrigs] G. Blatter, M.V. Feigelman, V.B. Gesgenbein, A.l.
field, but there is no Hall response. In a quantum Hall Larkin, and V.M. Vinokur, Rev. Mod. Phys66, 1125
system, the Hall current exhibits a superfluid response to  (1994).
a Lorentz force, but there is no longitudinal response.[6] See, for example, irThe Quantum Hall Effectedited
Between Hall steps, we expect the delta function to by R.E. Prange and S.M. Girvin (Springer-Verlag, New
broaden into a Drude form of width-T',. At 7 =0 York, 1987). .
this occurs abruptly as a function of electron density [7] P- Noziéres and D. Pines, Phys. Re&9, 741 (1958);
or magnetic field, corresponding to a quantum phase \F('Owofg%)cmt'ca' Properties of Solid¢Academic, New
transition. Therefore, we again see the analogy betwee ' '

- . . r’t8] This theorem, attributed to Miman, is proved in L.D.
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conductivity at a superconducting phase transition. At | gndau and Lifschitz Course of Theoretical Physics

finite temperaturesg’, ~ e—;e*Eﬁ/kBT, whereE, is the Vol. 5 (Pergamon Press, New York, 1980), p. 377.

gap in the density of states, so we expect the delta[9] N.P. Ong, Phys. Rev. B3, 193 (1991).

function to broaden into a Lorentzian of widifiw ~  [10] T.R. Chien, Z.Z. Wang, and N.P. Ong, Phys. Rev. Lett.
vwee E/&T  The Hall angle sum rule should prove 67, 2088 (1991).

very useful in studies of the conductivity of quantum[g] ?E/:v.:nde;zonf th' RevaLI%GYB, 20355(1353%'
Hall systems, since it gives a spectral sum rule thaE ] T.C. Hsu, Physica (Amsterdargji 3C, 305 (1993).

g L 13] H. Lihn et al., Phys. Rev. Lett76, 3810 (1996).
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