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Sum Rule for the Optical Hall Angle
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We consider the optical Hall conductivity of a general electronic medium and prove that the optic
Hall angle obeys a new sum rule. This sum rule governs the response of an electronic fluid to a Lor
force and can be thought of as a counterpart to thef-sum rule in optical conductivity. The physical
meaning of this sum rule is discussed, giving a number of examples of its application to a variety
electronic media. [S0031-9007(97)02494-0]
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The optical Hall conductivity is a new experiment
probe [1,2]. Like the optical conductivity, by extendin
Hall conductivity measurements into the microwave a
far infrared, it should be possible to extract a host of n
information about the properties of electronic systems
a magnetic field [3]. Electronic systems where this pro
might prove particularly important are the cuprate met
[2], type II superconductors [4,5], and the integer a
fractional quantum Hall systems [6].

A powerful tool in the analysis of the optical conduc
tivity is the f-sum rule [7]

2
Z `

0

dv

p
s0

xxsvd ­ e0v2
p , (1)

wheres0xxsvd is the real part of the conductivity andvp

is the plasma frequency. The distribution of optical spe
tral weight in an electronic medium gives us importa
information about the underlying physics. In this pap
we introduce a corresponding sum rule for the analysis
the optical Hall angle. The optical Hall angle,

tHsvd ; tanuH svd ­
sxysvd
sxxsvd

, (2)

wheresxx andsxy are the optical and Hall conductivities
respectively, and can be measured directly in opti
transmission experiments [1,2].

We shall show that this response function obeys
sum rule

2
Z `

0

dv

p
t0
Hsvd ­ vH , (3)

where the Hall frequencyvH is unaffected by interac-
tions, and in the absence of a lattice corresponds to
bare cyclotron frequencyvc ­ eBym. This sum rule
governs the retarded response to a Lorentz force. The
in which the corresponding spectral weight redistribu
enables us to make some important qualitative distincti
between normal metals, superconductors, cuprate me
and quantum Hall systems.

Sum rules are a statement about the asymptotic pro
ties of a response function. A key element in the proof
a sum rule is the existence of a Kramers-Krönig relati
0031-9007y97y78(8)y1572(4)$10.00
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that links the real and imaginary parts of a response fun
tion to a spectral function. Normally, an explicit spectra
decomposition of the response function is used to sh
that a Kramers-Krönig relation exists. Unfortunately, th
is not possible for the ac Hall angle, which determine
the response to an injected current rather than an app
field. If an injected current,jysvd ­ sxxsvdEysvd, is ap-
plied to a material, the transverse Hall current is given
(Fig. 1)

jxsvd ­ sxysvdEysvd ­ tHsvdjysvd . (4)

To prove the existence of a spectral representation
the optical Hall angle, we shall appeal to its analyticity
Sufficient conditions fortHsvd to satisfy a Kramers-
Krönig relation are (i) that it is analytic in the upper
half complex plane and (ii) that it vanishes at least
fast as1yv at high frequencies [8]. SincetH svd is a
quotient, its analyticity requires thatsxxsvd has no zeros
in the upper-half complex plane. This follows from
general theorem [8] that a generalized susceptibilityssvd
can only take on real values along the imaginary ax
v ­ iy, where it varies monotonically from its value
at v ­ id to zero atv ­ i`. It follows that causal

FIG. 1. Illustrating the Hall responsejysvd ­ tHsvdjxsvd to
an input current pulse.
© 1997 The American Physical Society
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response functions have neither polesnor zeros in the
upper-half complex plane. The ratio of conductivitie
tH svd ­ sxysvdysxxsvd is consequently analytic (with
no zeros) in the upper-half complex plane. We sha
shortly use microscopic considerations to show at hi
frequencies

lim
jvj!`

f2ivtH svdg ­ vH , (5)

where vH will be given an explicit form. Using the
Kramers-Krönig relation, it then follows that [8]

tHsvd ­
1

pi
P

Z `

2`

dx
1

sx 2 vd
tH sxd . (6)

Multiplying (6) by 2iv and takingv ! `, we obtain

vH ­
1
p

Z `

2`

dxtHsxd . (7)

The sum rule follows with the additional information tha
the real and imaginary parts oftHsxd are even and odd
functions ofx, respectively.

To complete our proof, we now derive an expressio
for vH . Consider a system of interacting electron
described by the Hamiltonian

HfAg ­
X

$p

e $p2e $An̂ $p 1 . . . , (8)

wheren̂ $p ­ c
y
$p c $p is the number operator at momentum

$p, $A is the coarse-grained vector potential, andes $pd
is the electron kinetic energy.HfAg may contain any
additional interaction terms or impurity scattering term
as long as these terms do not involve the vector poten
and thus do not modify the current operator. Let us ta
the magnetic field to lie along thez direction, assuming
the conductivity to be isotropic about this axis. Using th
Kubo formula, the conductivity tensor in the basal plan
can be written in the formsabsvd ­ Qabsvdys2ivd,
where

Qabsvd ­ e0v2
pdab 2 ikf ĵasvd, ĵbs2vdgl . (9)

The first term describes the instantaneous diamagne
response. The second term involves the current opera
$j ­ e

P
$p c

y
$p $y $p2e $Ac $p, where $y $p ­ = $pe $p defines the

velocity operator. Carrying out a spectral decompositio
of the current-current correlation function, one obtains [

ikf ĵasvd, ĵbs2vdgl ­
Z dx

p

1
v 2 x

Q00
absxd ,

Q00
absxd ­ ps1 2 e2bxd

X
zl

e2bsEz 2Vd

3 kz jjajll kljjbjz l

3 dsx 2 Ez 1 Eld . (10)

It follows that the asymptotic high-frequency behavior
given by [3]

Qabszd ­ e0v2
pdab 1 kf ĵa, ĵbglyz, sjzj ! `d , (11)

so that, at high frequencies,tHsvd ­ QxysvdyQxxsvd !
s
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is

vHys2ivd, where

ivH ­ lim
jzj!`

zQxyszd
Qxxszd

­
kf ĵx , ĵygl

e0v2
p

. (12)

The plasma frequency of the medium is given by

e0v2
p ­ k=2

$Ax
HfAgl ­ se2y2d

X
$p

Trsm21
$p d kn̂ $pl , (13)

where fm21
$p gab ­ =

2
abe $p is the effective mass tensor

Provided that the magnetic flux per unit cell is far les
than a flux quantumhye, we may use a weak field
approximation to f ĵx , ĵyg, obtained by linearizing the
velocity operator

$y $p2e $A ­ $y $p0 1 m21
$p s $py 2 $p0d , (14)

where $py ­ $p 2 e $A. Sincefpyx , pyyg ­ 2ieBz, it follows
that 2if $yx , $yyg ­ seBddetsm21

$p d. Writing ĵ ­ e
P

3

c
y
$p $y$pyc $p, we obtain the operator identity

2if ĵx , ĵyg ­
X

$p

fe3Bdetsm21
$p dgn̂ $p 1 OsB3d . (15)

Combining (13) and (15),

vH ­ eB

P
$p detfm21

$p g kn̂ $pl
1
2

P
$p Trfm21

$p g kn̂ $pl
. (16)

For a parabolic band, (16) reverts to the free cyclotro
frequency vc ­ eBym. Since all electronic systems
are ultimately derived from a system with a quadrat
dispersion, this is an exact result, but recovery of the fu
spectral weight requires an integration over all interba
transitions. The usefulness of the sum rule derives fro
the fact that, when the bands are well separated,
effective sum rule applies to the lowest band.

Physically, the Hall sum rule is closely related to th
short-time response of Hall currents. To see this, o
should suppose that a small pulse of currentjtstd is
injected into a material. The induced Hall current is give
by (Fig. 1)

jxstd ­
Z t

2`

dt0tH st 2 t0djyst0d , (17)

where tHst 2 t0d is the Fourier transform oftHsvd.
SincetHsvd , vHy 2 iv at high frequencies, it follows
that tHst 2 t0d , vHQst 2 t0d at short times. In other
words, during a short current pulse,

d $jydt ­ 2vHẑ 3 $j . (18)

This is nothing more than the precession of the current
the magnetic field.vH is thus identified as the effective
cyclotron frequency for the electron fluid. Reflecting th
conclusion, the general expression forvH is dominated by
contributions far from the Fermi surface, and we expe
it to be only weakly temperature dependent. Suppo
the system possesses a Fermi surface wherenp ­ 1 far
1573
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inside andnp ­ 0 far outside. To extract the dominan
contribution tovH , we restrict the integrals within each
Fermi surface sheet and setn $p ­ 1. Both integrands are
total derivatives,

detfm21
$p g ­

1
2 = 3 fs $u 3 =d $ug ,

Trfm21
$p g ­ = ? $u , (19)

where $a 3 $b ­ eabaabb denotes the two-dimensiona
cross product,$u denotes the component of the grou
velocity in the x-y plane, and s= $udab ­ m21

ab . This
enables us to rewrite the Hall sum rule as a ratio of Fer
surface integrals,

vH ­ eB

R
dpz

R
FS $u 3 d $uR

dpz

R
FS d $S ? $u

1 Osde2ye2
Fd . (20)

Here, FS denotes a line integral around all sheets of
Fermi surface at constantpz, d $S denotes the surface
increment that lies perpendicular to this line,d $u ­ dk.
= $u is the change in$u along the line, anddeyeF is the
ratio of the smearing of the Fermi surface to the Fer
energy. The numerator is readily identified as twice t
area swept out by the Fermi velocity vector$u in passing
around the Fermi surface. A variant of this expression h
been obtained by Ong [9] using the Boltzmann transp
theory.

We now illustrate the qualitative implications of th
Hall sum rule using a few physical examples. In the ca
of a simple metal, the transverse optical conductivity in
magnetic field is given by

s6 ­ sxx 6 isxy ­
ne2

m
1

Gtr 2 isv 7 vcd
(21)

so that the optical conductivity is peaked at the cyclotr
frequency. Remarkably, these poles do not enter the H
response,

tHsvd ­
vc

Gtr 2 iv
, (22)

which has the same form as the zero field optical co
ductivity [Fig. 2(a)]. The Hall spectral weight is peake
at zero frequency and is independent of carrier dens
In this case, the Hall constantRH svd ­ tHsvdysxxsvd is
frequency independent.

An intriguing exception to this behavior is found in th
normal state of the cuprate metals. Unlike convention
metals, transport measurements indicate thatGtr , 2T ,
but dc Hall measurements show thatfcotuHg , T2 is a
quadratic function of temperature [10]. Since the dc Ha
angle scales as1yT2, the sum rule tells us that the Hall re
laxation rateGH is a quadratic function of temperatur
GH ­ T2yW and that, furthermore,sxy , 1ysGtr GHd.
This multiplicative combination of relaxation rates is un
precedented and does not fit into a conventional pictu
of normal metals. Based on this observation, Anders
has conjectured that the Hall currents are subject to
autonomous decay process that depends quadratically
1574
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FIG. 2. Contrasting the optical conductivity and the optic
Hall angle in (a) a simple metal, (b) a cuprate metal, (c)
superconductor, and (d) a quantum Hall fluid. The superc
ductor displays condensation in the dynamical conductiv
the quantum Hall fluid displays a condensation in the opti
Hall angle at a Hall plateau which periodically broadens into
Drude peak between plateaus.

temperatureGH ~ T 2 [11]. This controversial interpreta
tion follows naturally from a Hall sum rule, in a fashio
that is independent of the microscopic physics. A d
finitive measurement of the quadratic temperature dep
dence of the Hall decay rate would constitute a striki
confirmation of the power of the Hall sum rule [Fig. 2(b)

As a second application, consider a type II superc
ductor with a pinned vortex lattice. In a superconduct
the optical conductivity condenses into a zero-frequen
delta function peak. However, the same condensa
does not take place in the Hall angle because, un
conventional currents, super currents cannot precess
magnetic field: The deflection of a supercurrent requi
a sideways movement of the flux lattice. Hsu [12] h
computed the Hall response of a pinned flux lattice a
has shown that it is shifted to the flux lattice pinning fr
quency [Fig. 2(c)], as observed in recent experiments
YBCO [13]. Perhaps the most important property of t
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sum rule in this respect, however, is that it does not de
pend on temperature or the thermodynamic state of th
system. Despite the radically different physics of the vor
tex lattice and the normal state, the Hall sum is identical.

As a final example, we consider the Hall response o
a two-dimensional electron gas in a high magnetic field
When the quantized, or fractionally quantized Hall ground
state develops, the conductivity (21) is qualitatively modi
fied, leading to the quantum Hall effect in the dc response
sxx ­ 0, sxy ­ ne2yh, where n ­ pyq is a rational
number with an odd denominator. However, the oscillato
strength sum rule is still dominated by the poles atvc.
What happens to the Hall angle? Like an insulating
dielectric, the optical conductivity at a Hall plateau
vanishes linearly with frequencysxxsvd ­ as2ivd at
T ­ 0 [14]. This implies that the ac Hall angle has the
form

tHsvd ­
1

2iv

µ
ne2

ha

∂
, (23)

i.e., the Hall angle response has condensed into a de
function. Assuming all the Drude weight condenses, the
tH svd ­ vcys2ivd, anda takes its minimum valuea ­
ne2yhvc. From this qualitative reasoning, we clearly see
how a quantum Hall system atT ­ 0 is the transverse
counterpart to a superconductor. In a superconductor, t
longitudinal current accelerates in response to an electr
field, but there is no Hall response. In a quantum Ha
system, the Hall current exhibits a superfluid response
a Lorentz force, but there is no longitudinal response
Between Hall steps, we expect the delta function to
broaden into a Drude form of width,Gtr . At T ­ 0
this occurs abruptly as a function of electron density
or magnetic field, corresponding to a quantum phas
transition. Therefore, we again see the analogy betwee
the Hall angle in this system and the change in th
conductivity at a superconducting phase transition. A
finite temperatures,s0

xx , e2

h̄ e2EgykBT , where Eg is the
gap in the density of states, so we expect the delt
function to broaden into a Lorentzian of widthdv ,
nvce2EgykBT . The Hall angle sum rule should prove
very useful in studies of the conductivity of quantum
Hall systems, since it gives a spectral sum rule tha
may saturate at frequenciesv , Gtr ø vc, which is the
physically interesting range of frequencies.

In conclusion, we have considered the optical Hal
angle as a dynamical response function, and showe
that it obeys a sum rule that governs the evolution o
transverse Hall currents. From our discussion of it
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qualitative application to metals, cuprate metals, BC
superconductors, and quantized Hall systems, we see t
the optical Hall angle may be thought of as the transvers
analog to the optical conductivity. Like thef-sum rule of
the optical conductivity, the corresponding Hall sum rule
is independent of detailed microscopic physics, making
of great utility in the qualitative analysis of the magneto
optic response of electronic systems.
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